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Scaling limits are analyzed for continuous opinion dynamics sys-
tems, also known as gossip models. In such models, agents update
their vector-valued opinion to a convex combination (possibly agent-
and opinion-dependent) of their current value and that of another ob-
served agent. It is shown that, in the limit of large agent population
size, the empirical opinion density concentrates, at an exponential
probability rate, around the solution of a probability-measure-valued
ordinary differential equation describing the system’s mean-field dy-
namics. Properties of the associated initial value problem are stud-
ied. The asymptotic behavior of the solution is analyzed for bounded-
confidence opinion dynamics, and in the presence of an heterogeneous
influential environment.

1. Introduction. In this paper we undertake a rigorous mathematical
analysis of a family of stochastic dynamical systems proposed as opinion
dynamics models in the recent literature: see [10] and references therein.
Such models are also known as ‘gossip’ models because of the nature of the
information propagation, and they have been proposed in other scientific
areas, for instance, as aggregation and estimation algorithms in sensor and
robotic networks: see e.g. [8, 22].

The simplest gossip model can be described as follows. Each agent a of a
finite population 4 possesses an initial belief/opinion modeled as a vector
X§ € R?. Agents are activated according to independent Poisson processes
in continuous time. If agent a is activated at time ¢, her opinion jumps from
its current value X to a new value Xj* = X + w(Xf, — Xi*) where b
is another agent sampled from A, and w € [0, 1] is a parameter modeling
how much agent a trusts the opinion of agent b. In general, the conditional
distribution of b may depend on the activated agent a (the support of such
distribution representing the out-neighborhood of @ in an underlying ‘social
network’ structure), while the parameter w may depend on the interacting
agents, a and b, as well as on their current opinions, X and Xf,.

AMS 2000 subject classifications: 60K35, 91D30, 93A15
Keywords and phrases: multi-agent systems, social networks, opinion dynamics,
bounded confidence, scaling limits, probability-measure-valued ODEs

1
imsart-aap ver. 2009/08/13 file: scalingopinionsubmitted.tex date: March 18, 2010



2 G. COMO AND F. FAGNANI

Fundamental theoretical issues concern the behavior of such models for
large ¢ and n = |A|. Rather then on the single opinions’ behavior, one
is interested in the emerging collective behavior of the population. Typi-
cal questions include whether a consensus is eventually achieved or rather
disagreement persists, and, more in general, whether an asymptotic distri-
bution of opinions exists, how it looks like, and how long it takes the system
to approach it.

The simplest case is when the Poisson processes are all of unitary rate, the
conditional distribution of the observed agent is uniform over A whichever
agent is activated, and the parameter w is fixed and the same for all agents,
independently of their current opinions. In this case, the model is linear and
can be studied in full detail: it corresponds to the asymmetric gossip model
n [14]. The basic fact is that (if w €]0,1]), almost surely, all X{* converge,
as t — 400 (and for any fixed n), to a consensus random value ¢ which has
expected value E(¢) = n~1Y", X&. Convergence is exponentially fast [15]:

E [n‘l doIxE—¢P

where C = —nIn(1 — 2n"'ww — 2n72w?) with @ = 1 — w. The variance of &
can be estimated as

<23 XG P exp(—C),
a

w
Var[¢] < n1 X412,
0 g DI
Moreover, using the techniques in [14] we can easily prove a concentration
result of type

P(|X, — B(X,)| > ¢) < exp (~Ke®n/t) .

Essentially, this shows that, as n grows large, and ¢/n tends to 0, each agent’s
opinion X} concentrates around a deterministic dynamics converging to E(§)
as exp(—2wwt). It is this type of results which we would like to extend to
more general models.

A particularly interesting setting is the homogeneous-population, state-
dependent model, i.e. when the parameter w is independent of the identity
of the interacting agents, but does depend on their current opinions. The
case

(1) w = wolp g (| X — X|),

where R > 0, and wy €]0,1[, is known as the Deffuant-Weisbuch model
[18, 13, 20] of bounded confidence opinion dynamics: agents with opinions

imsart-aap ver. 2009/08/13 file: scalingopinionsubmitted.tex date: March 18, 2010



SCALING LIMITS FOR CONTINUOUS OPINION DYNAMICS SYSTEMS 3

too far apart do not trust each other, hence they do not interact. Another
case is the so-called Gaussian interaction kernel

(2) W = wg exp (—\Xf, - Xt \2/02) .

Observe that, in these models, the dynamics of the network and of the
opinions become intertwined. In fact, these models are non-linear and, to
the best of the authors’ knowledge, the only theoretical result [20] is that,
if w € {0} U [wo, 1] for some wy > 0, each X' converges, as t grows large,
to a limit random value £%. Numerical simulations show the asymptotic
emergence of opinion clusters whose number and structure depends on the
initial condition but seems to be stable for large n. However, there is no
theoretical result regarding concentration and scaling limits for any state-
dependent model.

On the other hand, for the case when the parameter w depends on the
agents, as well as on their opinions, no theoretical result is available in the
literature. Such models have been considered in [16] where, though, only
numerical simulations have been presented. Such heterogeneous population
models are going to play a very important role in opinion dynamics because
they are the natural model to represent more realistic populations with
agents having different attitude to change opinion, and interacting only with
agents in their social neighborhood.

In this paper, we study general state-dependent gossip models for large
n. We shall consider both the case of a homogeneous population, and of
a heterogeneous one consisting of two classes of agents: ‘standard’ agents,
which keep on updating their opinions as a result of interactions with the
whole population, and ‘stubborn’ agents whose opinions are never updated.
The latter case can be modeled as a homogeneous population model with an
exogenous input describing the influence of the stubborn agents’ opinions
on the standard agents’ ones, and interpreted as a, typically heterogeneous,
‘influential environment’. We believe that many more general heterogeneous
models can be studied with our approach. This is however left for future
research.

In our analysis, we shall adopt an Eulerian viewpoint: instead of study-
ing the evolution of the single agents’ opinions, we shall neglect the agents’
identities, and study the dynamics of the corresponding empirical opinion
densities. We shall argue that the deterministic mean-field dynamics ob-
tained in the limit of large n is governed by an ordinary differential equa-
tion (ODE) on the space of probability measures over the opinion set, pre-
sented in Sect. 2.2. As proved in Sect. 3, the initial value problem associated
to the mean-field dynamics always admits a unique global solution. More-
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4 G. COMO AND F. FAGNANI

over, at any finite time, its solution is absolutely continuous with respect
to Lebesgue’s measure, provided that so does the initial condition, and that
some mild technical conditions are satisfied by the interaction kernel.

The asymptotic behavior in time of the mean-field dynamics is analyzed in
Sect. 4 for the state-independent heterogeneous case, and for the generally
state-dependent homogeneous case. In both cases, we prove weak conver-
gence to an equilibrium distribution, which typically does not consist of
a single Dirac’s delta. For the state-independent heterogeneous model, we
show that the equilibrium opinion distribution is independent of the initial
condition, and is uniquely characterized by its moments, which can be com-
puted by recursively solving a lower-triangular infinite linear system. On
the other hand, we prove that the equilibrium opinion distribution in the
bounded-confidence model is a convex combination of Dirac’s deltas. Such
deltas represent opinion clusters, and their number and position depend on
the initial condition. These results provide fundamental insight into two ba-
sic mechanisms which have been proposed by social scientists in order to
explain persistent disagreement in the society [3], namely heterogeneity of
the social environment, and homophily leading to global fragmentation.

Finally, in Sect. 5, we prove that the finite-population stochastic system
concentrates around the deterministic mean-field dynamics, as the popula-
tion size grows, at an exponential probability rate. We apply here a mar-
tingale argument (see e.g. [25] for the finite-dimensional case) and obtain a
result in the Kantorovich-Wasserstein metric [2, 24]. The technical assump-
tion in our results is that the, possibly stochastic, dependence of the weight
w on the opinions is Lipschitz-continuous. Hence, the case (1) is not cov-
ered by our theory. This is not a relevant drawback since one can consider
suitable Lipschitz approximations of (1); on the other hand, we believe that
this is just a technical question and that the result should remain valid for
a larger class of functions.

We conclude this section with a brief overview of some related work. A spe-
cial instance of the measure-valued ODE analyzed in the present paper has
already been proposed in [4] for probability densities (in this case it becomes
an integro-differential equation), but with no proof of either well-posedness
or concentration of the stochastic finite system. In [5, 9, 6], deterministic,
bounded-confidence, opinion dynamics models with possibly a continuum of
agents have been studied both in discrete and continuous time. In particular,
the continuous-time opinion dynamics studied in [9] is governed by a partial
differential equation in the space of probability measures, while the work
[6] deals with the equivalent dynamics, in dimension one, of the cumulative
distribution functions. In both works, the agents’ opinions have continuos
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SCALING LIMITS FOR CONTINUOUS OPINION DYNAMICS SYSTEMS 5

trajectories, and the corresponding generator of the opinion density dynam-
ics is local. In contrast, in the model analyzed in the present paper, the
opinion trajectories are discontinuous (in fact, piece-wise constant), and the
induced mean-field dynamics is driven by a non-local operator. As shown in
Sect. 4.1, the bounded-confidence mean-field dynamics studied here has a
qualitatively similar behavior to the solution of the partial differential equa-
tion of [9, 6]. Finally, it is worth mentioning the work [17], where mean-field
limits have been analyzed for the flocking dynamics of Cucker and Smale
[11, 12].

2. Problem setting and main results. In this section, we formally
state the model and present our main results.

Before proceeding, let us establish some notation to be followed through-
out the paper. For z,y € R?, for some d € N, |z — y| and x - y will denote
their Euclidean distance, and scalar product, respectively. The indicator
function of a set A will be denoted by 14. Given an open subset X C R,
we denote by B(X) its Borel o-algebra, and by M(X') the space of finite
signed Borel measures on X, while M*(X) C M(X) denotes the closed
convex cone of Borel non-negative measures and P(X) C M (X) the con-
vex set of probability measures. The space of real-valued continuous bounded
(resp. compact-supported, vanishing at infinity) functions on X, equipped
with the supremum norm ||¢||s := sup{|e(z)| : = € X'}, will be denoted by
Cp(X) (resp. C(X), Co(X)). The Dirac delta measure centered in z € X will
be denoted by d,. For p € M(X), and ¢ € Cp(X), we shall write (u, ) for
the integral [ (z)du(z), with the convention that, whenever not explicitly
indicated, the domain of integration is assumed to be the entire space X.
The total variation of u € M(X) will be denoted by [|p||. The symbol A
will denote Lebesgue’s measure on X, y << A will stand for absolute con-
tinuity, and du/dA for the Radon-Nikodym derivative, of p with respect to
A. Finally, we shall denote by P1(X) := {u € P(X) : [|z|du(z) < o0}
the metric space of probability measures with finite first moment, equipped
with the order-1 Kantorovich-Wasserstein distance. The latter is defined by
Wi(p,v) :==inf { [[ |x — y|d&(z,y)}, where the infimization (which is in fact
a minimization [2, 24]) runs over all couplings of p and v, i.e. joint probabil-
ity measures £ € P(X x X) having marginals given by u, and v, respectively.

2.1. Stochastic models of continuous opinion dynamics. The present pa-
per is concerned with continuous opinion dynamics systems. Agents belong
to a finite population A of cardinality |A| = n. At time ¢ € Rt each agent
a € A maintains an opinion X € X, where X C R? is an open set. The
vector of the opinions will be denoted by X; := {X? : a € A} € X4,
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6 G. COMO AND F. FAGNANI

We shall assume the initial opinions Xy to be a collection of independent
and identically distributed random variables, the law of each X§ given by
some g € P(R?). The trajectories of opinion profile vector {X; : t € R*}
are right-continuous and evolve according to the following jump Markov
process: Agents have clocks which tick at the times of independent rate-1
Poisson processes. If her clock ticks at time ¢, agent a updates her opinion
X' to a new value X{' which depends on the observation of the current
opinion of some other agent and of her own one. In particular, she observes
the opinion of some other agent b sampled uniformly from A, and then
updates her opinion to a random value X{', which has conditional probability
law k(- |X®, X" ). Here k(- |-, -) is a stochastic kernel, i.e., for all z,y €
X, k(-|z,y) is a probability measure on X, and (x,y) — k(B|z,y) is a
measurable map from X x X to [0, 1], for all measurable sets B C X. We
shall refer to k as the interaction kernel of the model. We shall assume that
the above stochastic process is defined on some filtrated probability space
(Q,{Fi }ier+, P), and denote by 0 = Ty < T < ..., the times at which some
opinion update occurs. Observe that {Tj 1 — Ty : k € ZT} is a family of
independent rate-n Poisson random variables.

Interaction kernels of interest in opinion dynamics are typically ‘locally
aggregating’. Specifically, in most of the models considered in the literature,
X C R%is a convex open set containing the support of the initial condition,
and the interaction kernel has the following form:

(3)
k(- |2, ), <,0>:a/<,0 (@ +wy) dei(wp@,y)+a//¢(m+uz)d96(v|x, 2)di(2)

where a = 1 —@ € [0,1], 6°(-|-, -) and 6°(-|-, -) are stochastic kernels
from X x X to [0,1], w =1—w, T =1—v, and ¢ € P(X). This models
a situation in which, with probability «, the activated agent updates her
opinion towards a convex combination of her current opinion x and the
opinion y of an observed agent. The weight w in such a convex combination
measures the confidence that the activated agent has on the observed opinion
of another agent, and is assumed to depend, through the stochastic kernel
6i(-|-, -), on both the activated and the observed agent’s opinions, = and
y. On the other hand, with probability @, the activated agent observes an
external signal z, sampled from a probability distribution v, playing the
role of an exogenous source of influence, or influential environment, and she
updates her opinion toward a convex combination of her current opinion x
and the observed signal z. The dependence of the weight v of such convex
combination is captured by the stochastic kernel 6¢(-|-,-).

While for most of the results of our paper we shall not need the interaction
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SCALING LIMITS FOR CONTINUOUS OPINION DYNAMICS SYSTEMS 7

kernel k to have the specific form (3), we shall focus on kernels of this
form in Sect. 4 when proving asymptotic properties of the solution of the
corresponding measure-valued ODE.

REMARK 1. The models considered in the cited literature usually assume
the interaction to be symmetric: when agent a is activated and interacts with
agent b, both agents update their opinions. This symmetric model may be
more suitable in certain applicative contexts, the asymmetric one in some
others. However, while for finite population sizes some of the properties of
the two models differ (for example, in the symmetric model the average
of the opinions is preserved, while this is not necessarily the case for the
asymmetric model [14]), all the results and proofs of this paper hold, with
minor changes, for the symmetric model too.

2.2. The Eulerian viewpoint and main results. As the main interest is
in the global behavior of the opinion dynamics system, rather than on that
of the single agents’ opinions, it proves convenient to adopt an Eulerian
viewpoint, studying the evolution of the empirical densities of the agents’
opinions. Formally, this is accomplished by considering the random flow of
probability measures

1
- E +
acA

This is a P(X)-valued process whose trajectories are piecewise constant and
right continuous. In particular, one has

M?:Mk7 th[Tk,Tk+1[, k€Z+7

where {M}, : k € Z*} is a P(X)-valued Markov chain.
Furthermore, consider the operator F': MT(X) — M™(X), defined by

(4) (F(p), p) = ///cp(Z) dr(zlz, y)du(z)duly),
for all ¢ € Co(X). It is immediate to verify that

E[(Mys1,0)| M = (1= n7") (Mg, 0) + 0~ (F (M), ),
for all p € Cy(X), and k € Z,. One may rewrite this in the form

(5)  (Mypp1,0) — (My, ) =~ (F(My) — My, ) +n~ " (Agp1,0)
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8 G. COMO AND F. FAGNANI

where the random signed measure Ay, satisfies
(6) E[Akr1|Fr) =0,  |[Apsall < nl[Mypr — Mi|[+]|F(Mg) — M| < 4.

Equation (6) implies that {(Ag, ) : k € N} is a sequence of bounded mar-
tingale differences, which can be thought as ‘noise’. This suggests to think
of the stochastic process {Mj, : k € Z"} as of a noisy discretization, or
Euler approximation in the numerical analysis language, of the probability-
measure-valued ODE

(7) %Nt = F(pe) — pe -

with stepsize 1/n. We shall refer to a solution of (7) as the mean-field dy-
namics of the system.

More precisely, we shall define a solution of (7) to be a family of probability
measures {us @ t € [0,+00)} such that, for every function ¢ € Cyo(X), the
real-valued map t — (uy, ) is differentiable on R, and satisfies

¥ s 0) = (P(u). ) — (s )

for every t > 0. The main result of this paper, stated below, guarantees
that (7) admits a unique solution {x}, and that the stochastic process {y}'}
concentrates around {u;} exponentially fast in n.

THEOREM 1. Let p € P(X) be arbitrary. Then:

(a) There exists a unique solution {u; : t € R*} of (7) with initial condition
po = p;

(b) If X C R? is bounded, and the stochastic kernel r is globally Lisp-
chitz continuous as a map from X x X to Pi1(X), then, for every
T € (0,400), for sufficiently small € > 0 and sufficiently large n € N,
it holds

P (sup {W1(uf, me) : t €[0,7]} > €) < exp(—Ke’n),
where K 1is a positive constant depending on X, Kk, and T only.

Points (a) of Theorem 1 will be proved in Sect. 3.1, while point (b) will
be proved in Sect. 5.

3. Well-posedness of the measure-valued ODE. In this section, we
shall first prove point (a) of Theorem 1, i.e. that the initial value problem
associated to the ODE (7) admits a unique solution. Then, under further
technical assumptions, we shall show that, if the initial measure pg admits
a density, so does the solution u; at any finite time t.
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SCALING LIMITS FOR CONTINUOUS OPINION DYNAMICS SYSTEMS 9

3.1. Weak solutions. To start with, we extend the ODE to the space of
signed measures M (X). In order to do this we need to extend the operator
F and introduce another operator G in the following way. For p € M(X)
put

9) F(u):=Fu"),  Gp)=p"(X)u,

where ;1 = u™—p~ denotes the Hahn-Jordan decomposition of p € M(X). It
is not hard to check that both F' and G are locally Lipschitz continuous with
respect to the total variation norm, i.e., for every bounded set © C M(X),
there exist nonnegative constants K, K such that

(10)

|F () = Fp2)l| < Krllpn —pall,  |G(n1) = Glu)l < Kallpn — pall,

for all p1, pus € ©. Moreover,
(11) F(u)(X) = G)(X) = u(X)?, Ve MH(X).

In the following, we want to study the well-posedness of initial value
problems associated to the measure-valued ODE
(12)

E’ut = F(u) — G(ue),

where (12) means that, for every ¢ € Cy(X), the real-valued map t — (u, @)
is differentiable on R, and satisfies %(,ut, ) = (F(e), ) — (G(e), ) , for
every t > 0.

PROPOSITION 1. Suppose that F,G : M(X) — M™(X) satisfy prop-
erties (10), and (11). Then, for every p € M™T(X), there exists a unique
solution {u; : t € RT} C MH(X) to (12) such that py = w. Moreover,
wue(X) = pu(X) for every t > 0.

PrOOF. For 7 € (0,+00), let C([0, 7], M (X)) be the space of continuous
curves in M(X) equipped with the sup norm ||{z}||- := sup {||pt]| : t € [0, 7]}.
Given a curve {us} € C([0,7], M (X)), and a bounded measurable function
v € Co(X), define

(13)
(@({})is0) = (1 9) + [ (Flus)p)ds = [ (Glu)p)ds, vee o7,

Observe that (12) with the initial condition po = p is equivalent to

(14) (e, 0) = (@ ({us}) )y Vo €Co(X), t>0.
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10 G. COMO AND F. FAGNANI

Notice that, for every t € [0, 7], ®({us}): can be seen as the difference of
two bounded linear positive functionals on Cy(X), so that ®({us}): € M(X).
Moreover, the map ¢ — ®({us}): is continuous over [0, 7], since

t+e t+e
(ke = @ bell = [ IGGlIds+ [ [1F(uo)llds
UGG lr + L)l

Therefore, the operator ® takes values in C([0, 7], M(X)). Now, let us con-
sider © := {v € M(X) : ||v|| < 2||p||}, let Kr, Kg be the Lipschitz con-
stants relative to © of F, and G, respectively. For every v € O, (11) and
(10) imply that

(15)

IN

(16) IFE@I < [[F(v) = F(ull + [[F(w)| < 4KF||p]]-
Similarly,
(17) 1G]] < 4Kq||pll -

Define now the set S := {{u:} € C([0,7], M(X)) : o = p, e € ©,Vt €
[0,7]}. For all {u;} € S, using (16) and (17), and arguing like in (15), we
obtain

(18) e{peb)llr < (1 +47K)][ull,

where K := Kp + K. Moreover, if both {u:} and {v;} belong to S, then,
(19)
t
o)~ 2(ublle = s [ (1P~ Fo)ll+ G s) — Gl as
< 7TE[{pe} = {widll- -

We now assume to have chosen 7 €]0, 7=]. Then, by (18), ®(S) C S and,
by (19), ® is a contraction of S. Hence, by Banach’s fixed point theorem
there exists a unique fixed point of ® in S. As observed, such a fixed point
corresponds to a solution {u;} of the ODE (12) for ¢ € [0, 7], with the initial
condition pg = p. We now show that indeed p; € M*(X) for t € [0,7]. By
contradiction, assume that there exists B € B(X) such that u(B) < 0 for
some t € [0,7], and let t* := sup{s € [0,t] : us(B) > 0}. By continuity,
pe=(B) = 0 while pugs(B) < 0 for all s €]t*,t]. This implies that

F(us)(B) = Glus) (B) = —pd (X)y(B) =0, Vs €]t", 1.
But then

*

peB) = [ () (B) -~ Glu)(B) ds 2 0
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SCALING LIMITS FOR CONTINUOUS OPINION DYNAMICS SYSTEMS 11

which is a contradiction. Hence, p; € M™*(X) for t € [0, 7]. Notice moreover
that, because of property (11), pu(X) = u(X) for all ¢ € [0, 7]. Finally, a
standard induction argument allows one to extend the existence and unique-
ness of the solution to the whole interval [0, +00). [ |

Notice that, when considering an initial condition pg € P(X), the solution
of (12) satisfies py € P(X) for all ¢, thus proving point (a) of Theorem 1.

3.2. Probability density solutions. We shall now investigate on the exis-
tence of density solutions when the initial condition ug is absolutely contin-
uous with respect to Lebesgue’s measure.

Given the interaction kernel (|-, -) and a non-negative measure u €
MT(X), we put
(20)

w()(Bly) = [ w(Ble,y)dp(e),  wa(n) (Bla) i= [ w(Ble,y)daty)
for all B € B(X), z,y € X. The following result characterizes regularity

properties of the solution of the initial value problem associated to the ODE
(12).

PROPOSITION 2. Assume that g << A\, and that
(21)
p<<X = w()(-ly), r(p)(-|r) << A, VreX, VyeX.

Then, u << A, for all t € [0,4+00). Moreover, if there exists C' € (0,+00)
such that, for all p << A,

(22 [ <l e

then, the density fy = dug/dX satisfies the estimation:
(23) 1 filloo < 11 folloce®, Vit € [0,4+00).

PROOF. For every t € [0,400), consider Lebesgue’s decomposition p; =
ud + pf, where pf << A, and pf and A are singular. It follows from (21)
that, ko(uf)(-]z) << A for all z € X. Then, for any B € B(X) such that
A(B) = 0, one has

[ s(Ble. gt @amty) = [ dralu)(Ble)ap(z) = 0.

imsart-aap ver. 2009/08/13 file: scalingopinionsubmitted.tex date: March 18, 2010



12 G. COMO AND F. FAGNANI

Similarly, one can show that / k(B|x,y)du; (x)dug (y) = 0. Hence,

Fu)B) = [ [rBle ()
/ (Blz,y)dug (x)dp(y / (Blz, y)du (z)dug (y)
+ / w(Blr, y)du () dpi (y)

= [ [5(Bleydu @)
= (Nt)(B)

for all B € B(X) such that A(B) = 0. This readily implies that pj satisfies

d S S S
att = Fuf) = pi -
Since p§ = 0 by assumption, it follows that pf = 0 for all ¢ > 0.

Assume now that (22) holds true. For any ¢ € C.(X), Holder’s inequality,
and (22) imply that

Fue) = [ [ [ elantcle,pdum@du)
[ [ o2 43y )

/Hd“z ) Z"”” |_llelhdn )
< Cllfillsllolh -

It follows that, for all non-negative-valued ¢ € C.(X),

A\

/so(fc)ft(w)dA(w) = /90 ) fo(x)dA(z +/ — (us, ) ds
Wil + [ (F(us), s
0

< gl (HfoHooJrC/otHszoods) |

IN

Then, by the isometry of L>°(X) with the dual of L'(X), the fact that f; is
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SCALING LIMITS FOR CONTINUOUS OPINION DYNAMICS SYSTEMS 13

non-negative valued, and the density of C.(X) in L'(X), one gets that

1Al = sup{ [ ele)ie)dos o e L), flolh <1}
sup{ [ o) fi)de s ¢ €C.2), 20, el <1

t
§|%@mw+cAHﬂMA&

By Gronwall’s lemma, this readily implies (23). |

The technical condition on the stochastic kernel x is actually verified in
many important cases encompassing the bounded confidence dynamics (1)
as well as the Gaussian interaction model (2).

COROLLARY 1. Assume that  is the form (8) with 0°(- |z, y) = Gu(o—y))
and 0°(- |z, 2) = Oy(|jg—z|) where w : RY — [0,w], wo € [0,1[, and v : RT —
[0,v0], vo € [0,1], are both non-increasing and piecewise C1. If py << A,
then py << A, for allt € [0,+00) and the relative densities satisfy condition

(23).

PrOOF. We will show that the conditions of Proposition 2 are satisfied in
this case. Fix y € X and consider the function z — @(|x —y|)z+w(|z —y|)y.
The assumption on w insures that it is an invertible transformation in z and
a simple geometric consideration shows that the inverse has the form:

z=g(w,y) =y+a(w—y)(w-y)

where o : RT™ — R is such that a(w(t)t)w(t) = 1 for all t > 0. The function
n(t) = w(t)t is strictly increasing, hence invertible and we can thus write
a(s) = [@(n~1(s))]~". a is thus also a piecewise C'' function as well g(-,y)
whose Jacobian can easily be shown to be

Dug(w,y) = a(lw —y)I + Va(lw — y|)(w — y)*

Straightforward computation show that D,,g is bounded in the pair (w,y).
Similarly, the function x — T(|z — z|)x + w(|z — 2|)z admits an inverse in =,
x = h(w, z) whose Jacobian D,,h is bounded in the pair (w, z).

Then, if 14 is absolutely continuous with density f, one has for all nonnegative-
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14 G. COMO AND F. FAGNANI

valued ¢ € L'(X), and y € X,
(r1()(-1y), ) = a/s@ @z = yl)z +w(lz —yl)y) f(z)dA(z)
1@ [ [ e@lia— e+ vl - 2)2)f@)dA@)dv()
= a [ o) (9w ) Dug(w,)ldNw)

+a//¢ h(w, 2))| Duh(w, 2)|dA(w)de(2)
< Ci|fllsollepll1 s

where C 1= a||Dyg(w,y)||oc + @||Dyh(w, 2)||oo. Similarly, one shows that
there exists some constant Co > 0 such that (ko(p)(-|x), ) < Col|f|leoll®ll1,
for all nonnegative-valued ¢ € Li(X), and = € X. As a consequence,
vi(-ly) << A, for all y € X, and i = 1,2, and (22) holds. Therefore, the
claim follows from Proposition 2. |

4. Behavior of the mean-field dynamics. This section is devoted
to a deeper analysis of the ODE (12) for the state-independent gossip model
with heterogeneous influential environment, and the bounded-confidence
opinion dynamics, respectively. In particular, we shall investigate the limit
behavior as t grows large, showing that, in both models, p; converges weakly
to an asymptotic opinion measure. The behavior of the two models, and
their analysis, however, differ substantially. For the state-independent gos-
sip model with heterogeneous influential environment, the ODE governing
the mean-field dynamics is linear, and can be analyzed by iteratively solving
the lower-triangular linear system of ODEs governing the various moments
behavior. In this case, the asymptotic opinion measure is independent of the
initial value, it is characterized by its moments, and is absolutely continuous
if so is the influential environment. In fact, one could show that the corre-
sponding finite population Markov process is ergodic. In contrast, the ODE
governing the mean-field dynamics of the bounded confidence model is non-
linear, and convergence is shown by a Lyapunov argument. The asymptotic
opinion measure is given by a convex combination of deltas, whose number
and position typically depends on the initial condition. Indeed, the corre-
sponding finite population Markov process is typically not ergodic, in this
case.
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SCALING LIMITS FOR CONTINUOUS OPINION DYNAMICS SYSTEMS 15

4.1. Gossip model with heterogeneous influential environment. We start
by analyzing the case when the stochastic kernel k(- |-, -) has the form (3),
with constant weights: 0°( - |z,y) = d,(-), 0(- |z,y) = 6,(-), for some fixed
w,v € [0,1]. Throughout this subsection, we shall assume an exponential
bound on the moments of both g and v, i.e.

(24) 21615 (/ ]a:\kd,uo(a:)) v < 400, ilelg (/ ]a:\kdw(a:))l/k < +00.

Clearly, (24) is automatically satisfied when X is bounded. Let us fix some
z € R?, and consider the z-weighted moments of p; and v, respectively:

mi*) = / (-2 dpm(z), = / (z-y)d(y), keZ®.

Straightforward computation shows that the first z-weighted moment satis-
fies the autonomous differential equation

d 1 _ 1
(25) Emg ) — @ (n(l) — m,g )) ,

whereas the higher moments satisfy the differential equations

d _
(26) Emgk) = —’ykmﬁ’“) + f& (mgl), e ,mgk 1)) +avkn®)

where

£ (mgl),---,mgk_l)) — Z (f) (aijk—jmgy)mgk—ﬁ _‘_mjvk—]mgj)n(k—])) ‘

EXAMPLE 1. In the special case when o = 1, namely when there is no
influential environment, we obtain from (25) that % J zdui(z) = 0, so that
the first moment is constant. On the other hand, the variance

vt ::/!x—/yduo(y)\2dut(x)

satisfies %vt = —2wwv;. Hence
wwt

vV = Vo€ ,

i.e. uy converges to a delta centered in the average initial opinion erponen-
tially fast in t.
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16 G. COMO AND F. FAGNANI

104 i
0 ;
0 t=2 t=5 t=10 t=+o0 dy /dx

F1G 1. Behavior in time of the ODE solution in d = 1, with initial condition po uniform
over (0,10), heterogeneous environment dy(z) = exp(—(1 — (z — 3)*) ") 1 4)(x)dx, and
parameters o = 0.5, w = 0.5, and v = 0.5. The Radon-Nikodym derivates of the asymptotic
measure Lo, and of the influential environment v (dashed) are plotted as a reference.

We now focus on the limit as ¢ — +oo for the general case. An inductive
argument proves the following result.

LEMMA 1. Assume o < 1. Then, for every z € R%, the z-weighted mo-
ments of py satisfy

(27) tlim mgk) =m) kelZ",
where mgé) can be recursively evaluated by
(28)
m) = nl) mFHD = ’Yk_il |:fk+1 (mg), - ,m((f;)) + avfnFD

PRrROOF. For k = 1, the solution of the ODE (25) is easily found to be
(29) mgl) = e_a“tmgl) + (1 — e_a“t) n® ,

so that (27) clearly holds. Moreover, assume that (27) holds for all k£ €
{1,...,7 — 1}, and define XEJ) = f (mgl),...,m?—l)) for t € [0,+o0].

Then, the continuity of f; implies that tlim ng ) = Xg)). Solving the ODE
—00
(26) gives

‘ t : o ,
(30) mgj) = /0 e i(t=9) (xgj) + avjn(])) ds + e‘”tm(()]) )
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SCALING LIMITS FOR CONTINUOUS OPINION DYNAMICS SYSTEMS 17

Clearly, the second addend of the right-hand side of (30) converges to zero

for t — 0o. On the other hand, the convergence of ng ) implies that

tlim e~ (t=s) (th + @an(])) ds = (ngo) —l—@vjn(”) tlim / et ds
00 . ;e /o
= 7],—1 (Xgo) + avjn(y)) )
The foregoing, together with (30), implies the claim. |

We are now in a position to prove the following result for the convergence
of -

PROPOSITION 3. Assume that (24) holds. Then,
Hm gy = proo

(k)

weakly, where po, € P(X) is uniquely characterized by its moments moo .

PROOF. It follows from (24) that there exists some finite M € Rt such
that

(31) mg? | < | MF, n®)] < [l M
for all z € R%, and k € N. Now, an inductive argument shows that
(32) | < [o/*M*, Wt e [0,+00], z €RY,

for all £ € N. In fact, (29) and (31) immediately imply that (32) holds for
k = 1. Moreover, if (32) holds for all k € {1,...,5 — 1}, then (30), and (32)

give
, t ; — ;
m?| < /Oe-w-8> (|55 (m, - m V)| + @l n D)) ds + et i
t . o
< /e‘”j(t_S)Mjlz\]’yjds—i—e‘”tMJ\zP
0
= MI|z)7.

Let us consider the characteristic functions ¢;(z) := [exp(iz - z)du(z),
and, for k € Z*, define a;(k) := ikmgk)/k‘!, b(k) := MP¥|z|*/k!, and observe
that >,cz+ b(k) = exp(M|z]). One has that

iz x)k ik
we) = [ T g = T L (@ k@) = T ak),
k k!

keZ+ ’ kezZ+ keZ+
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18 G. COMO AND F. FAGNANI

where the exchange between the series and the integral is justified by Lebesgue’s
dominated convergence theorem, since

ik
B> H(x.z)k‘g > bk) < exp(M|z]).

0<k<n 0<k<n

Moreover, observe that, since |a;(k)| < b(k), another application of Lebesgue’s
dominated convergence theorem gives
tlingo or(z) = tliglo Z ai(k) = Z oo (k) =: oo (2)
kez+ kez+
Hence, ¢¢(z) converges pointwise to ¢oo(2), which in turn can be easily

verified to be continuous at 0. Then, the claim follows from Lévy’s continuity
theorem [7, Th. 2.5.1]. |

Observe that, for all @ € (0,1), the limit measure j, is independent of
the initial condition pg, and depends only on the influential environment 1,
as well as on the parameters «, w, and v. Notice that the first moment sat-
isfies mg) = n. In contrast, if ¢ # 0z, it easily seen that mgé) £ nk) for
k > 2, so that in particular po, # 1. On the other hand, it follows from (28)
that, if 1) # 0,,, then the variance of ji is positive, so that pio # dz,. This
result may be interpreted as showing that the presence of an heterogeneous
influential environment prevents the population from achieving an asymp-
totic opinion agreement. In fact, as shown in the following Proposition, the
asymptotic opinion distribution uo, is absolutely continuous whenever so is
the influential environment .

PROPOSITION 4. Assume 1 << \. Then, ji << X for all a € [0,1).

ProOF. For p,v € P(X), v € [0,1], define ¥ := 1 — v, and

Ly(u) €P@), {Ly(uv)o) = [ [ eGaran)dutaldvty), Vo€ Col).

Since L., is a rescaled convolution operator, and since ¢» << A, one has that
Ly (p,v) << A Similarly, Ly, (foo, floo) = aL(pl, 15, ), where ps, is the sin-
gular part of p. Combining this with the fact that the asymptotic measure
satisfies fioo = F(ioo) = aLiy(p, 1) + @Ly(p1,9), one gets that ul (X) =
o (Lo, 15.)) (X) = @ (1*(X))2. Therefore, 5, () (1 — apse (X)) = 0
But, since pi (X) <1 and a < 1, this necessarily implies that p (X) =0
|
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SCALING LIMITS FOR CONTINUOUS OPINION DYNAMICS SYSTEMS 19

10y
) L
ol [
t=0 t=1 t=2 =3 =4 t= 400

F1G 2. Behavior in time of the ODE solution in d = 1, with initial condition po uniform
over (0,10), and 9(-|z,y) = d1/210,17(|z — y|) + doL (1, +00) (|2 — y]).

Fig. 4.1 reports numerical simulations of the mean-field dynamics, when
started from a uniform distribution over an interval, and influenced by an
absolutely continuous environment. Coherently with Proposition 2, the so-
lution remains absolutely continuous during its evolution. As ¢ grows large,
1 converges to a limit measure whose first moment coincides with that of
1, and which is absolutely continuous, as predicted by Propositions 3, and
4, respectively. Such a limit density may be interpreted as resulting from a
tension between the aggregating forces represented by the first addend in
the right-hand side of (3), and the environment’s influence captured by the
second addend in the right-hand side of (3).

4.2. Bounded confidence opinion dynamics. We analyze now the case
when k(-|-, ) is in the form (3) with o = 1, and weight distribution
0(-|x,y) := 0%(-|z,y) supported on [0,wp] for some wy € [0,1], and sat-
isfying the symmetry assumption

for all z,y € X. The following result states weak convergence of .

PROPOSITION 5. Assume that [ |x|*dug(z) < oo. Then, there exists
loo € P(X) such that
lim Ht = Moo »
t—00

weakly.

imsart-aap ver. 2009/08/13 file: scalingopinionsubmitted.tex date: March 18, 2010



20 G. COMO AND F. FAGNANI

PROOF. We start by proving that the second moment m§2) = [|z|?du(z)
is a Lyapunov function for the system. Observe that, for all z,y € RY,
w € [0,1], w=1— w, one has

[t wly =) +ly+wla = o) = (@ +) (|2 +15°]) + 4w -y,
so that
wile —y[? = 20w (|2> +|yl* — 22 - y)
= (1-w? =32 (Jz]* + |y*) — dwwz - y
= P+ - et wly—2)f -y +w@ -y

From the foregoing, and the symmetry of (- |x,y), it follows that

(34
d d
Sl = S [ laPap () @) — mf?

= [ (1e-+ oty = )P = |2P?) a0l y)pue) ()

-1 I (2t =)+ ly + e = ) = [ = loP) 48, )dia(e)dgun(v)
=~ [[[ 0=l — P a0l )@ (y)

—(1- WO)///w\fc — y[*d0(wl|a, y)dp(x)dp(y) -

IN

Hence, in particular, %mgz) < 0, so that m§2’ is nonincreasing, and therefore

convergent. Define mg) = tlim m?) and observe that (34) implies that

(35)
t 1 |

ti [ [ ol = yPavle pu()dn,)ds < Jim - 4@
0

t—o00 t—oo 1 —wpJo ds
2 2
t—o00 1<—(U0
_
1-—(U0

Now, for any smooth and compact-supported test function ¢ € CZ° (RY), we
can write

(36) plx+w(y—2) — ) =wly —z) Vo(z) +r(z,9),

imsart-aap ver. 2009/08/13 file: scalingopinionsubmitted.tex date: March 18, 2010



SCALING LIMITS FOR CONTINUOUS OPINION DYNAMICS SYSTEMS 21

with |r(z,y)| < w?|y — z|?>® where ® := ||D?¢||. Moreover, again from the
symmetry of §(-|z,y), one has

’///w(y —z)- W(w)df?(w!w,y)dut(w)dut(y)‘

= 5|/ etv =) (Te@) - o) dbele,v)dulz)dn )

< %///w\y—w\ IVo(z) = Ve(y)| do(wlz, y)dp(z)dp(y)

< %///w\x — y|*d0(w|z, y)dp (x)dp(y) -

From (36) and (37) it follows that
(Fla) = ol = | [ [[ (ola+ly —2)) = ola)) a0(wlo. p)du(o)dn(v)
][t Velaaswls. i)
+® ///wz\x — y[?df(wlz, y)dp(x)dp(y)

< %///w!w — yPdO(wlz, y)dp(z)dp(y)

IN

so that

i [ ) el ds < 5t [ [ [ [l yPa0le y)du e )ds

t—o0
3¢ (2) (2)
< — — .

Therefore, in particular, the limit

¢

lim (1, 0) = im | (F(ps) = ps, p)ds

t—o00 t—oo Jo
exists and is finite. From the arbitrariness of ¢ € C2°(X), it follows that s
converges in the sense of distributions. Finally, notice that, since the second
moment is bounded, the family {u; : ¢ € RT} is tight, hence u; converges
in P(X). |

If we make the further assumption that the weight w ~ (- |z, y) is almost
surely strictly positive in a neighborhood of the diagonal {(z,z) : =z € X'},

we have the following characterization of the equilibrium points.
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22 G. COMO AND F. FAGNANI

PROPOSITION 6. Let R > 0 be such that,
O(R) = inf{w : supp(0(-|z,y)) C [w,1]Vz,y € X, [x —y| < R} >0

Then e is a convexr combination of Dirac’s deltas centered in points sepa-
rated by a distance not smaller than R.

PROOF. Assume by contradiction that z*, y* € supp(pieo) and |z* —y*| <
R. We can find suitable neighborhoods A and B of z* and y*, respectively,
such that |z —y| < R for all z € A and y € B. Hence, supp(0(-|z,y)) C
[0(R),1] for all z € A, and y € B. Then,

[ le=yodb(ele, y)de@)dunets) = 6(R) [ [ la=yPdpoe (@) dice(v) >
This clearly contradicts (35). |

It is worth stating the following simple, though important, consequence
of Proposition 6, which, in particular, applies to the Gaussian interaction
kernel (2).

COROLLARY 2. Suppose that Uy,>o {(z,y) : supp(0(-|z,y) C [wo,1])} =
X X X. Then, fioo = 0z, where g = [ xdpo(z).

Fig. 4.2 reports numerical simulations of the mean-field ODE associated
to the bounded-confidence model of Deffuant-Weisbuch, in dimension d = 1,
starting from an initial condition uniform over the interval (0, 10). Observe
that, as predicted by Proposition 2, the solution remains absolutely contin-
uous, with bounded density, at any finite time ¢. It is possible to appreciate
the effect of local aggregation forces, which first lead to the formation of
two peaks around the opinion points = 1,9, then of other two smaller
peaks around the points x = 3,7, and finally of a smaller peak in x = 5.
As t grows large, the opinion density converges to a convex combination of
Dirac’s deltas, as predicted by Proposition 5. Notice that such deltas seem
to be centered in opinion points separated by a distance of about 2, whereas
an inter-cluster distance of at least 1 is predicted by Proposition 6. These
results may be interpreted as explaining how locally aggregating interactions
modeling homophily can generate global fragmentation.

We conclude this section by observing that arguments along the lines of
the proofs of Propositions 5 and 6, combined with a standard martingale
convergence theorem, can be used, for every finite population size n, to prove
almost sure convergence of the stochastic system uj* to a random asymptotic
measure pl, consisting of a convex combination of Dirac’s deltas separated
by a distance of at least sup{R > 0: §(R) > 0}.
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SCALING LIMITS FOR CONTINUOUS OPINION DYNAMICS SYSTEMS 23

5. Concentration around the mean-field dynamics. In this sec-
tion, we finally show that, as the population size n grows, the stochastic
process {uj'} concentrates around the solution {u;} of the ODE (7), at an
exponential probability rate. Throughout this section, we shall assume that
X C R% is bounded, with A denoting its diameter, and that the stochastic

kernel k(- |-, -) is globally Lipschitz in the Kantorovich-Wasserstein metric,
i.e. that
(38)
Lp
Wl ("i( : ‘.’L’, y)7 "i( : ‘Z'/, y/)) S 7 ’(‘Ta y) - (‘T/7 y/)‘ 9 vxa x/7 Y, y/ ekX

holds for some finite positive constant L. Our first step consists in showing
that the operator F' inherits the Lipschitz property from the stochastic kernel
k(|- -). The proof of the next result relies on the duality formula [2, (7.1.2)]

(39) Wi(p,v) = sup {{, ¢) — (v, ) : ¢ € Lip1(X)} ,
where Lip; (X) denotes the set of 1-Lipschitz functions on X.
LEMMA 2. If (38) holds, then
Wi (p,v) < LeWi(F(p), F(v)), Vv e Pi(X).

PROOF. First, observe that, for arbitrary ¢ € Lipy(X), and z,y,2",y €

&,
[ e@antela g — [eanl )

< Wl (R( . ’xay)ﬂ%( : ’x/7y,))
L

< 7F (:Evy) - ($I7y/)|
L

< Fle—al+ly—y).

by (39), and (38). For u,v € P(X), let £ € P1(X x X) be their optimal
coupling, i.e. the one such that [ [ |z — y|d&(x,y) = Wi(u,v). Then,

(F(u).g) = (F@)e) = [[[[[ o) ldntela.pdut)duty) - dutela’, ' jdv(a)dv )]
= ][ ) fantela. ) = dnela’ ) dea (e )
< %////(\x—x’\+\y—y’\)d§(w,y)d§(x’,y’)

= _LPJ@H(M,V).
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24 G. COMO AND F. FAGNANI

Therefore, the claim follows by applying the duality formula (39) once more.
|

Observe that there are three sources of randomness in the system: the
empirical measure of the initial opinions g, the update times {7} }, and the
agents’ interaction. The first two can be easily dealt with by appealing to
the following classical large deviations results.

LEMMA 3.  For all py € P(X), € > 0, it holds

limn ™! log P (Wi (ug, o) 2 €) < —€°/2.

PROOF. Sanov’s theorem [23, Th. 2.14], and the Csiszar-Kullback-Pinsker
inequality [24, pag. 580] imply that

lifllnn_1 log P (W7 (Mo, o) >¢) = inf {H(v||po) : v € P(X), Wi(v, uo) > €}
> inf {3y — pol*: v € P(X), Wi(v, ) > ¢
> €%/(24%),

where H (v||p) denoted the relative entropy, and the last inequality follows
from the estimate W1 (v, u) < Al|lv — p| [24, Th. 6.15]. [ ]

LEMMA 4. Fort € R*, let ¢(t) := sup{k € ZT : Ty < t}. For all
T €RT, a>1 it holds

limsupn~!logP (Sup{t Ty 0t <7} > 5) < —€?)7,
n
limsupn~tlogP(¢(r) > arn) < —(a — 1)*7.
n

PROOF. The first statement follows, e.g., from [23, Th. 5.1]. The second
one, e.g., from [23, Ex. 1.13]. [ |

We are now left with the third source of randomness, originated by the
selection of the interacting agents, and their actual interaction. Observe
that, in the right-hand side of the duality formula (39), one may restrict the
supremization to the test functions ¢ belonging to Lip$ := {p € Lip1(Y) : |o(z)] < A/2},
where ) is an hypercube of edge-length A containing X', and u, v are nat-
urally identified as elements of P()). The following result shows that the
set LiplA can be approximated in the infinity norm by not-too-large a set of
functions.
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LEMMA 5. Let X C R be compact and convex. Then, for all e €]0,A/2],

d
there erists a finite set H. C Lip{ such that |H.| < %%3(%(\/@'”) )
and

min{||h —¢||: he H.} <e, Vg€ Lip{ .

ProOOF. With no loss of generality we shall restrict to the case X C Y =
[0, A]?. We introduce a discretization operator ® : Lip{* — Lipf* as follows.
Let 1 := ¢/(v/d+1/2) and define J := {0,1,...,[A/n]|}. For any ¢ € Lip%,
and j € J% let k(j) =i € J iff (jn) € [-1/2 + ni,—1/2 + n(i + 1)[.
Observe that, since ¢ is 1-Lipschitz, one has

(40) dooli—ql<1 = k(3) — k(G < 1.
1<i<d

Then, define ®(¢) = h, by putting, for all z € [[;<;<q [5im, (i + 1)nl,

W)= TT ((6G + &) — k(@) (@ jm) + k() — 5 +4) -
1<i<d

Thanks to (40), one has that ®(p) € Lip% for all ¢ € Lip$. Moreover, for
all j € J% one has |®(¢)(4n) —(jn)| < 2. Observe that, for all z € [0, A]¢,
there exists j(z) € J? such that |z — 75| < v/dn/2. Therefore,

() (z) — ¢()]

A

< [@(p)(gn) — @) + [2()(Gn) — (p)(2)] + le(dn) — w(2)]
< n/2+2|jn — 2|
< n(Vd+1/2),

so that the second part of the claim follows by substituting the value of 7.

It remains to estimate the cardinality of H. := ®(Lip%). To see that,
first observe that k(0) can take at most A/n values. On the other hand,
it follows from (40) that, given k(j), k(j + 0;) can assume at most three
different values, for all 1 <[ < d. This implies that

M| < %3(A/n+1)d—1 _ éQ\/EGJF Lo(War/2)a/e+1)! §2\/36+ Ly(wasnase)

the last inequality following since 1 < A/(2¢). |

We can now estimate the error incurred when using an Euler approxima-
tion of some future value of the empirical density process, centered on its
current value.
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LEMMA 6. ForkeZ',neN, and o € [0,1],
P (W1 (&Mk + aF(Mk),MkﬂmJ) > KAO‘z) <p,

where  =1—0, K = Kp + 1, with Kr being the Lipschitz constant of F
on P(X) in the variational distance, and

4Vd + 2 12 d K23
(41) p::Wexp<<m(\/a+ 1)> log 3 — 57| -

PRrROOF. First, observe that the following control of the increments holds:
(42) [ M1 — Mi|| < 2/n.

Define w := |on], and € := KAc?. Also, for ¢ € Lip{, define

1
Z]('SD) = (Mg+yj — My, ) — n D AF (Miys) = My, ),
0<i<y

for j =0,...,w, and

w

w w
V= My — (1= —)My = —F(My), ) = Z( .

It follows from (42) that ||[Mjy4; — My|| < 2j/n. Hence,

(43)
VO = 0 Y (F(Miy) — F(My),0) — > (M — My, )|

0<j<w 0<j<w

< 07 Y (|F(Misy) — F(My)|| + || Migs — M) [1|
0<j<w 0

_ j

< n7h Y Kl
0<j<w

< €/2,

the last inequality following from the fact that ||p|| < A/2. Observe that,
for all ¢ € Lip;(&X), Zé‘p) = 0, while {Z](-“p) : 0 < j < w} is a martingale.
Moreover, (42) provides the following control on the increments:

(44)

() ()
|ij-1 - ij |

IA

(Mot ji1 — Miyjs 0)| + 071 (F(Myyg) — My, 0)]
< [Mitje1 = Migllll| + 07 E (M) — Myl
< dnHgl].
Let H := H./12 € Lip1(X) be as in Lemma 5. By first applying the
union bound, and then the Hoeffding-Azuma inequality [1, Th. 7.2.1], the
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probability of the event E := ey {|Zq(uh)| > 6/4} can be estimated as
follows:
2,2

(0 e’
(45)  P(E)<[HP (|2 |26/4)§2IH|6XP< MN)

Now, Lemma 5 and (44) imply that,

7(p—=h) < w —hll < i<

)

= M

for some h € H, /2. Hence, if E' does not occur, then

(46) 12 < min {|Z0| + 127 - hen} <

N ™

for every ¢ € Lip$. By combining (43), (45), and (46), one gets

P (W1 (M, @My + 0F(My)) > 6) = P (sup{Zif + V)} > ¢)
P Sup{fo)} > %5)

< 2H|exp (— )

IN

and the claim follows upon substituting the expressions for w and e, and
applying Lemma 5. |

We are now ready to prove point (b) of Theorem 1. Let L := Lp — 1,
and K = Krp + 1, where Ly and K are the global Lipschitz constants of
F on P(X) in the Kantorovich-Wasserstein distance, and in the variational
distance, respectively. Let us fix some ¢ > 0, 7 > 0, and introduce the

quantities
Le

? = 9AL 1 sRARE Wl
Without any loss of generality, let us assume that o €]0, 1], and put = 1—o0.
Further, let p be as in (41), and define

(47) g = e_zLTE/2, aiv1=1+4+0ol)a; + gKA02, ieZt.

Solving the iterative equation above, one obtains the estimate

3KAJ> _ 3KAc < ooLi (a n 3KAJ>
oL oL = 0T o )

(48) a;=(1+4oL) (ao +

For i € Z*, consider the random variable I'?" := Wj (M;y, ftei), and the
events A; := {I'} > a;}, Bi := Uy<;<; 4. We shall prove by induction that

(49) P(Bi) < (i+1)p,
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for all ¢ € Z,. First, it follows from Lemma 3 that (49) holds with i = 0,
for sufficiently small ¢, and sufficiently large n. Then, for any nonnegative
integer i, consider the intermediate measures

A =My + 0 F (My;) , V=0l + 0F (tgi) -
From the duality formula (39), and Lemma 2, one has
(50) Wiy (\v) < (@+oLp)T} =(1+0oL)T7.

Furthermore, since {y} is a solution of the ODE (12), it follows from (15),
and the estimate Wi (u,v) < A/2||p— v,

(51) it = poil| <2(t —s) , Wi, ps) < At = s),

for all ¢ > s. From the duality formula (39), the fact that {4} solves the
ODE (12), and (51), one gets the estimate
(52)

Wi (v, uo(m)) = sup{<ua(i+1),<p> — () p€ LiplA}

o(i+1) LA
< / sup { (F() = e = Fpas) + o, ¢) + o € Lipf} dt

)

A o(i+1)
< 5[(/' ||t — pros||dt
o(i+1)
< AK [ (t—oi)dt
= AKd?/2.

From the triangle inequality, (50), and (52), one finds that

Ity < WMy, A) + Wi(Av) + W (V, Ma(z‘+1))
< Wi(My(is1),A) + KAo?/24+ (14+0L) T}

(53)

Therefore, (53), the inductive hypothesis (49), (47), and Lemma 6, imply
that

P(Biv1) = P(BiNAit1) +P(B))

< P (BN {Wi(Mugis1), ) > @it = KA0?/2 = (1+0L) a;}) + (i + 1)p
< PWi(Myi11),A) > KAc?) + (i 4+ 1)p
< (i+2)p.

Hence, (49) holds for all i € Z+.
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Observe that, if iw — w/2 < k <iw + w/2, then
(54)
Wl(Mkaﬂk/n) < Wi( M, proi) + Wi(Myi, My) + Wl(:uk/m,ucri) <TI?+ Ao

Now, recall the definition of ¢(¢) given in Lemma 4, and consider the events
C = {s(r) < 3n7}, and D = {sup{|t - Ty : t € [0,7]} </(4A)}. Ob-
serve that C' implies that, for all ¢t < 7,

u(t) = r(t) 1J < S/ +%§ 2

2 on—1

(55)

lon| 2

It follows from (54), (51), (48), and (55), that, if the event Bfy,, NDNC

occurs, then, for all t € [0, 7], the following estimate holds

Wi (uf, pe) = Wi (Mg(t),ut)

44} (Mg(t),MTg(t)) + W (MT<(t),,llt)
Ff(t) + Ao + Alt = Ty

) + Ao +e/4

el 1 Ao 4 ¢/4

el (Oéo + 3I§LAU) + Ao +¢/4

= 6’

IN AN N TN

IN

where the last equality follows by substituting the expressions for ¢ and «y.
For sufficiently small ¢, and large n, Lemma 4 implies that P(CND) > 1—p.
Therefore, using (49), one gets that

P (sup{W; (s, e) 5 € [0, 7]} > 2) < P(Byp)) + B(CCU D) < (21/0+2)p,
from which point (b) of Theorem 1 follows.
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