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Abstract—A lower bound bound is established on the error
probability of fixed-length block-coding systems with finite mem-
ory feedback, which can be described in terms of a time depen-
dent finite state machine. It is shown that the reliability function
of such coding systems over discrete memoryless channels is
upper-bounded by the sphere-packing exponent.

I. INTRODUCTION

Although feedback is effective in reducing latency as well as
complexity of coding systems, and in improving the capacity
of certain channels with memory, there is a long history of
negative results for transmission over discrete memoryless
channels (DMCs) with feedback: After Shannon proved that
feedback does not increase the capacity on DMCs [5], it was
shown that fixed-length block-coding with feedback does not
allow one to beat the sphere-packing bound on symmetric
DMCs [2]. Whether such a result continues to hold for non-
symmetric DMCs is a long-standing conjecture: An upper
bound on the reliability function is given by the Haroutunian
exponent [3], which is typically larger than the sphere-packing
exponent on non-symmetric DMCs. In [7], the aforementioned
conjecture was claimed to be proved, but the proposed proof
appears to suffers from major gaps.

In the present paper, we shall be concerned with fixed-
length block-coding over DMCs with finite memory feedback.
In particular, we shall consider the case when the feedback
information can only be stored by a time inhomogeneous
finite-state machine whose state is updated each time with the
channel output. Under some mild technical assumptions, we
shall prove that the reliability function is upper-bounded by
the sphere-packing exponent of the channel.

The proof we present in this paper partially follows the line
of reasoning of [7], complementing the two major gaps therein
with measure concentration, mixing, and fixed-composition
arguments, made possible by the finite memory assumption.
Our results may be thought as complementary to those in [4],
where a lower bound on the error probability of block-coding
schemes with delayed feedback has been derived.

The remainder of this paper is organized as follows. In
Sect. II we describe the transmission model, with the finite
memory restriction on the feedback encoders, and state our
main result as Theorem 1. Then, in Sect. III we derive a
lower bound to the error probability via a change of mea-
sure argument, using Holder’s inequality, and give a brief
discussion on how the sphere-packing bound can established
when there is no feedback. In Sect. IV, we study the mixing
properties of certain Markov chains in order to make a similar
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measure change argument for the encoding schemes satisfying
our assumption. In Sect. V we combine the results of section
III and IV using a method of types argument, and complete
the proof of Theorem 1.

II. MODEL AND MAIN RESULT
We consider a DMC with finite input alphabet X, output
alphabet ), and transition probabilities W (y|z) such that

Oy =min {W(ylz): x € X,y e Y} >0 (D
The sphere-packing exponent of the DMC is given by
Eo(R) :=max,>0 Eo(p) — pR
By(p) = maxpey ~ Y (Y2 P ()
Q) Y .

where P(-) is probability distribution over X'.

A fixed-length block-coding system with feedback of rate
R, and length n, consists of: a message set M of cardinality
M| = exp(nR); a sequence of encoding functions

R>0

g MxYT' X, 1<t<n; 2)

and a decoder ¥ : Y™ — M. Any feedback encoder as in (2),
induces a joint probability distribution on M x Y, given by!

wim,y®) = M T Wwlemyi™). @)

Then, the error probability can be written as P, := w(M.,),
where M. := {(m,y™) : ¥(y™) # m}.

In this paper we shall consider a particular class of feedback
encoders with finite memory for which the encoding function
at time ¢ depends on the past channel outputs yf_l, only
through a state s; € S which is updated using a time-
dependent finite-state machine, i.e.,

¢t(m7y§_1) = (I)t(m7 St) )

for some &, : M xS — X, I, : § x Y — S. To denote the
state transitions over multiple time units we use the shorthand

ste1 = Dh(suwylh)
= Ft(Ft—l(- . -Fu+1(Fu(5u> yu)a yu+1)' L] yt—l), yt) .

Ser1 =Le(se, ) (D)

Notice that, if one allows S to be infinite, then any feedback
encoder as in (2) can be easily represented in the form (4).
In contrast, assuming —as we shall- that (4) for some finite

IThroughout, for v < ¢, we shall use the notation y%, := {yu,...,yt}.



S induces a real constraint. We shall also assume that there
exists £ > 1 such that

VE>1,Vi,j €S, Fydredr: TGyt =4 )
The condition above ensures that effect of past channel outputs
whiters away fast enough. Observe, that (4) and (5) are
naturally satisfied when ¢ (m, vy~ ') = ¢¢(m,y!"1), i.e. when
the transmitter uses only the latest £ channel outputs. Indeed,
it is sufficient to choose S = Y* and Ft(yfzi,yt) = yf7k+1.
We use this fact to establish the following bound on the error

probability of finite memory feedback transmission systems.
Theorem 1: For any rate R, length n blockcode with feed-

back of the form (4), satisfying (5) on a DMC satisfying (1)
P, > e 2FEep(R=cD) <) yy—=12 .. n (6)
where

e(l) =

2k1n$ i AIn4HS|In|X|) I elSIe(Y ] In [S|+1n [ X)) In(1+%2) .

o5k, n n

III. A FIRST LOWER BOUND ON THE ERROR PROBABILITY

Let V(:|-) be the transition probabilities of a DMC with
input alphabet X, and output alphabet ), and let Q(-) be a
probability distribution over Y, such that V'(-|-) is absolutely
continuous with respect to both W and Q.2 For A C M,
define the sets A, and A, as

Ao :={(m,y") :me A:V(y") #m}
Ac:={(m,y") :me A: ¥(y") =m}.
Let the probability distributions ¢(-) and v(-) over MxY™ be

a(m.y) = 2 I, Q) (7a)
o(m, ") = V(yeléy(m.y' ™). (7o)

1<t<n

Let E,[-] be the expectation under v(-). The following result
holds for feedback encoders not necessarily satisfying (4).
Lemma 1: For all 3 >0, and A C M,

tl)

=1
n g uelmy =) | 8
v ||* 1@ w(yg|m,yt—1) (8a)

v(yg|m,y 1+ﬁ
/B(In(—R):| (Sb)

wd) > v(A) 7 AR

v(A)>1— {%}%E [Hn

t=1

Proof: Using w(-) and v(-) given in (3), (7) and the
reverse Holder’s inequality, one gets

v(y™|m)
NGy m) }

i D214

™) 0w (m, y™) P

)”’Bw(m, y) 7

> jél 7 Z 1(A
zﬁﬂZn ﬂTﬁZMA m.y)]”
:%U(AQ)H%(AQ)” )

%ie. V(y|z) = 0 whenever W (y|z) = 0 or Q(y) = 0.

Following similar steps one can prove that

B, |1(A)e” ™05 | > 0(A) (A7 (10)
Then the lemma follows equations (9), (10) and the observa-
tions ¢(A.) < |A|7! and v(A.) =1 — v(A). [

Note that equations (8a) and (8b) bound the error probability
from below. We shall show in the following sections how
Lemma 1 leads to Theorem 1. In order to introduce some
of the ideas of that proof let us show how Lemma 1 can be
used to establish a lower bound on the error probability in the
case without feedback.

Theorem 2: For any length n block code error probability
is lower bounded as

P, > e-n(Bup(Rme)te) (1n

(In 5
where €; =

Proof: Let Q(-) = Qp(-) be in a parametric form to be
specified later. Let V' for v(-) be

wﬁ*ﬂ(yw???f’ ()

V,(ylz) = (12)

where 7, (z) = 2, W7 (j|z) v)-
Given m, the y;’s are mutually independent. Thus,

n 1 v(yglm.y v(yg|m)
E”[l_[ eﬁ“wm\mytl) } H E [flnw(mm)

t=1

n gin sl i
E, [I_L_ci -IT_E.

If we could upper bound E [¢?] by eEl*! then we could use

equations (8) and (13) to lower bound the error probability

but Jensen’s inequality works in the opposite direction, i.e.

E[e*] > €Fl?l. Thus we need to make an approximation. If

z — E[2] < 1 with probability one then®

Ele?] < eE[z}-;—E[(z—E[z])z]

1+p(

} (13a)

1

m} (13b)

(14)

Thus if # < — Inmin{éy,dq,} for all m and ¢, the bound*
E | (1n 2@edm) @)y 2lm) ? < (ln L)24 4
o |0 gy = Ev [0 gy | ) ) |m| < (ngg) "+ 3

implies that

v(yg|m)
w(y¢lm)

w2 (15a)

BD(VpllQplwe(m))+6%[(In 3] *+25]

E, [eﬁ
ﬁlnv(yt\m')
E, {e a(yt) ’Tﬂ} <e

where z;(m) is the input letter for message m at time ¢.
For any block-length n there are (“lﬂf_‘zl) < (n+ 1)1
empirical types. Thus if we choose messages of the most
populous type, say P(-), to be A we get, |A| > n‘%)lm
Thus using Lemma 1 and equations (13) and (15) we get,

w(A) > v(A) T e nPVLIWIP)+ea(Bm)
v(Ae) >1— el+ﬁ(D(V 1Qo|P)—e2(8,m)—R)

m} SeﬁD(Vp\IWth(m))+ﬁ2[[1n

(15b)

(16a)
(16b)

3Using techniques similar to those in [1], see Appendix A for details.
4The details of the bound on the variance are presented in Appendix B.



where () = (I it o)” + 5+ R,
There exists a parametric family of Q,(-)’s which is con-
tinuous in p, see [6] or appendix D for details, such that,

Inr,(z) > —Zole)

il (17)

Furthermore when all entries of W (-|-) is positive, dq, > dw
for all p. Using equations (12) and (17) we get,

D(Vo[IWIP) < Eo(p) — pD (V|| Q,|P) VP, p. (18)
Note that for any P,

D (V| QpIP) [p0 < R — ex(f,m) — LE2I2 ()
or  D(V,| QulP)lp=0 > R — e2(8,m) - HHEEZ (b)
If (a) is the case: using (12) and (16) at p = 0 we get

w(de) > (3)F e

either

19)

If (b) is the case: note that lim, ... D (V,| Q,|P) = 0 VP.
Thus, by the intermediate value theorem, there exist some pp

1 In2
such that D (V|| Qp|P)[p=p;, = R — e2(8,m) — LHELRZ,
Using equations (16) and (18) at p = p}p together with the
fact that E,,(R) > Eo(p) — pR ¥p > 0 we get

w(do) = (3) F e (et EEE el o)
Equation (11) follows equations (19) and (20) and the identity
(In %)2 + % +2m2< (In ﬁ)Q by setting 3=n"12. m

Notice that, when there is feedback, the input letter at any
time ¢ for any message m depends on the previous channel
outputs. Thus, we can not

« claim conditional independence of Y;’s or equation (13).

« make an expurgation over types
However for the particular encoding schemes satisfying the
assumption 5 we can address both of the issues. For doing that
we need to analyze the mixing properties of Markov chains
resulting from I" and ® for each m € M under v(-).

IV. FINITE STATE MACHINE ENCODERS AND MIXING

Let v(-) and ¢(-) be of the form given in (7) for some
channel output probability distribution Q(-), and some tran-
sition probabilities V'(-|-). Then, for encoding schemes with
feedback we can not write (13), because the channel outputs
are not conditionally independent given the message. However,
when (5) holds, the dependence between y, and y,, vanishes as
t—u increases. Lemma 2 below uses this property to bound the
terms E, [exp(But,)| m, s,] and E, [exp(BvL)| m, s,], where

v (Yl Im,su)
q(yhIm,su)

v (Yl Im,su) t
v, :=In
w(yl |m,su) u

t

e, =1n 201

The upper bound provided is in terms of the empirical type

tu+1§:Ju

for any s* € S. Observe that, in contrast to the case without
feedback, the type Ps-(-) depends on the particular V'(+|-) that
is used. However, this will not prevent us from applying of
the intermediate value theorem because of the continuity of
the term D (V|| W|P) in P.

Py(z):= (m,sj) = xlm,s, =s") (22)

Lemma 2: For any feedback encoder of the form (4), sat-

. . nmax{d;},651
isfying (5), u <t, s* € S, 8 € (0, #]

E, [exp(Bul)| m, 5,] < 7w DAPWVIWIE+e) (23
E, [exp But) |m s ] < et—utDHBD(VIQIP)tes)  (23h)
where €3 := mﬁije [(t —u+1)7" +23In(edy)] -

Proof: If z _E [2] < 1 with probability one, then’
E [exp(2)] < exp(E[2] + B [(z — B[2))%]).
Hence, if 3 < —(t —u + 1)"!Indy, then
E, [exp(Bu,)| m, su] < exp [BE, [t m, su] +ea] , (24)

where® e, = 2(t — u + 1)325,2% (kIndy! + e ') In(edyyt).
Now, we consider E,[u!,|m,s,] and bound its dependence
on s,. Observe that, conditioned on m and s,, the state se-
quence s!, forms a Markov chain on & whose time-dependent
transition probabilities are given by

S V(yleim,s,)

vl (s5,9)=sj+1

Hj($j+1‘3j) = Yu S] < t.

Let us consider a copy of this Markov chain, 52, which starts
at time w in §,, = s*, evolves independently from s, according
to the same transition kernel IT;(-|-) until the first time they
meet, and sticks to it thenceforth. Let jif, be defined as in (21)
with s* replacing s,,, and notice that

=(t—u+1)D(V||W|Ps) (25)

Moreover as a result of assumption (5) whenever s; # 3,
Yyl T, there exist at least one sequence of 7'"*’s such that
Ft+k(st,yf+k) = I'UT*(5,, 5%, Thus whenever s; # 3, for
any encoding scheme ® and any ¢

E, [fie,|m, su]

- - k
P, {5i1r = St4r|m, 51,5} > 0y
As a consequence,

Pv{§u+ik 7é Su+ik| m, Su} S (1 - 5\k/)1 )

j+k
Jj+1

1>0. (26)

Using the fact that w < kln 6;‘,1, and the inequality

—zlnz < e !, one gets, for v = klnd;, 1+e
B, (12} = @k mosa] <o0(suran # 5uran) @)
Using equations (26) and (27) , we get
[(t—u+1) /kj
[ ,uu’ m, su < Z — 5V)
SWZQO (1- 5\/)
a2 8)
Using equations (25) and (28)
E, [ug| m, sy =1 < (t —u+1)D(V||W|P) +78,* (29)

Then, (23a) follows from (24), and (29). Equation (23b) can
be derived from a similar discussion. |
3See Appendix A for details.

®Details of the bound on E, [(u!, — E, [,um m, Su]
sented in Appendix C.

)2| m, s“] are pre-



V. SUPER-LETTERS AND FIXED COMPOSITION ARGUMENT

Note that, as a result of Lemma 2 we know that if
(t — u) is large enough both E,[exp(Sut,)|m,s,] and
E,[exp(Bv!)| m, s,] are bounded independently of s,,. On the
other hand iff (t—w) is not too large one can interpret (t —u)-
long encoding functions together with (¢ —u)-long sequence of
I';’s as an input letters and make a fixed composition argument
to bound E, [exp(Bu})| m, s1] and E, [exp(Bvi)| m, s1]. The
rest of this section is devoted to making this argument precise
and establishing the bound given in Theorem 1, using Lemmas
1 and 2.

First note that for any ¢t € [1,n] and m € M, I'y is a
mapping form Sx ) to S, i.e. an element of S5*¥ and ®;(m)
is a mapping form S to X, i.e. an element of X'S. Thus for any
m € M any ¢-long part of I and ®(m), say (DTS, @174 (m))

is an element of Z = (§5*Y x XS)Z.

If we interpret ¢-long parts of the encoding function and
finite state machine, (I 1, @71 (m)), as super letters,
z;’sfori=0,1,...([7]—1) then the codeword for a message
m € M is composed of |7 | super-letters and an (n — | 7]¢)
long extension. Including different extensions there are less
than ([ 7|+ 1)I21)x|IS1¢ different types. Thus if we choose A
to be the most populous type we will have

AL > exp(— (||| 191) In(1+ 2) ~ 8] n [ X]) (30)
Note that codewords of the message in set A differ
only in first n; = ¢|7] time instances. Although order-

ing of these super letters will effect the actual value of
v(y™l|m 1lm

E, {Cxp(ﬂln%)‘m} and E, [cxp(ﬁln q(ynll)) ‘m}

we can bound all of those expectations in way that is

independent of the ordering using lemma 2. Consequently

6 c [O 7lnmin{(5w,5Q}]

>

E, [exp(mnw By (D(V||W|Pp)—es)

(y™1m)

(31a)
‘m} — I (PVIQIPm)=€) (311

] =

E, [exp(ﬁ In %

(k1n the_l)

_ 1
where €5 = s [z +2BIn 5] and

S PPt (m,si0e)=2m,s001=5}
n;

Py (z) = Zito

Note that unlike P, in the non-feedback case P,, in equation
(32) depends on V. However that dependence is continuous
in V. Furthermore P, is identical for all messages in a given
type, no matter what V' is.

As we did in the non-feedback case we will use V,, and @,
and use equation (18). Using equations (30) and (31) together
with corollary 1 we get,

w(Ae) > v(A) ¥ e
U(Ae) >1— 1+5(D(V [1Qp|Pm)+es—a- R)

(32)

—n1 (D(V,||W|Ppm)+es) (33a)

(33b)
SV (€IS 1Y In (142 n
where e = €5 + asi | ] )1 (1+ TS| x|
Note that both V, and @, are continuous functlons of
p, then for any type P,, is continuous function of p. Con-
sequently D (V,||Q,|Py) is continuous in p. Thus either

D (V,|| Qp|Pm) | p=0 either less than or strictly greater than
H%R — €6 + (Hﬁﬁ% Using exact same reasoning with the
non-feedback case we get, 5 € [0, —m#@sw,%}}’
(1+6)In2

L8 0y [Bu i

w(A) > (5 F e (34)
Note that when all entries of W are positive dg, > dw and
dy, > dw. Using equation (34) and setting 3 = m
and using the fact that () is decreasing function of its
argument we recover equation (6).

%R*Eg* )Jrﬁe,]

VI. DISCUSSION

In this paper, we have proved a lower bound on the
error probability of fixed-length block-codes with finite state
machine encoders over discrete memoryless channels with
feedback. We have shown that, when the transmitter is only
allowed use the state of finite state machine in its encoding,
where the state of the finite state machine is updated as channel
outputs are fed back to it, the sphere-packing bound continues
to hold even on non-symmetric DMCs. Ongoing work includes
relaxing some of the technical assumptions, and extending our
results to channels with memory.
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APPENDIX
A. Elexp(z)] vs exp(E|[2]) -
Let g(2) = 2‘”“3(‘?# than one can show that
9() 20 g'()20  ¢"(2) 20
Let z be r.v. such that z — E[z] < 1 then,
Blexp(z ~ E[)] = B [1 42 ~ Bls] + (-BECED]
<1+ B[C=EED0]

E[(z—E[2])*g(1)
(BBl

< exp 5

Using g(1) <1 we get,
B exp(2)] < exp(B[4] + E [:2] - B[],

B. Bounding 3, f,(In !J;—Z)Q -, fyln %)2:
Let f, and g, be two probability distributions on ) then

ny lnfy Zgygy (In fy
(a)
<Zgy [7 %

,(ln E)Q + 4

(35)

P> +1(8 <nd

(36)

e2
where in step (a) we used the facts that f, <1, g, > d, and
z(lnz)? < 5 for z € [0,1]. Thus

ny n nyln fuy2
Y

2, 4
o5 )*+

e2

(37



C. Bounding E, [(uz — E,[pd| m, su})zl m, su} :
Let us denote E,[u1,| m, s,,] by Ti; for brevity.
B, [t~ 1) | m s
=3 Bl =) m.s.]
By ) —mE ) s G8)
Note that

B (77 5] = Bl m, ]
=E, [Ev [.uj2| m, St} | m, Su]

< (Indy')? + 4e2 (39)

the inequality following from (36). For u < j < ¢, it holds

E, [(Mj _lTj) (N§'+1 _/~L§'+1)‘ m, Su:|
=E, [(Mg _E) (/’[’;Jrl -E, [/,L§+1‘ m, 5j+1] )‘ m, su]
+ By [ =T (Bu [ | 5] = )| s

ggEv““j_ﬂﬁ(EvD@+1Wna%+l}_ﬁ@+ﬁ‘”%54
()
< Ev [(:uj 7@)2| m, Su]

N

1
-Ey, |:(Ev [ 41] My 8541] — M§'+1)2‘ m, Su} ) (40)

where (a) follows from the Markovian property of the encod-
ing and (b) follows from Schwarz’s inequality. In addition, as
a result of the Markovian property, we have,

/TE-ZEU [Ev [,u;’m, sj]}m,su} . 41
Using equation (29) together with equation (41) we get,
|E, [M§'+1’ m, sj_H} — ,LT§| < 6;2k(—k Indw +e1). (42)
Using equation (38), (39), (40) and (42) and the fact that
In® 65 + 4e=2 < In®(e/dw) we get,
—_ —1 —_
By [(ut, — ) m su] < (t—ut1) (0
1

Vo
klndy +e )2lnﬁ 43)

1
g(t—u—kl)(T
\%4

D. Uniqueness and Continuity of Q,
Recall that

P

e B0 = min(} W (y]2) 7 Q(y) )
! Y

¢ Fo(0) — max e~ Fo(rQ)
Q

Note that maximizing (), satisfies

S Wle) T Quy) T e T Ve (44
Yy

and with equality for some z.

1
+ln ﬁ)lnﬁ

Note that if there are two distinct optimal distributions @, o
and @), then

S W (ylz) T (aQpa(y) T + (1 — a)Qpu(y)T57)
<3S Wyl2)F (aQpaly) + (1 — a) Qi) ™7

All of their linear combinations will lead to a strictly larger
Ey(p) so they can not be the optimal ), simultaneously. Thus
there exist a unique Q.

Note that e~ #0(»@) is a decreasing function for all decreas-
ing in p. Because

1 11+p 1 14p"
E [zm} =E |g1+o” T+r

14
137 (10 1 114+
>E [x 1+P’}

for p’ > p. Then e~ Fo(P) is also a decreasing function of p.
Thus

0 < e Eolp) _ g=Eolpte) < o=Eo(p.Qp) _ o=Eol((pte).Qp)
0< e~ Folp) _ g—Eo(pte) < 51(@,;7 €) (45)

where lim._o61(Q),€) = 0 and last step follows from the

continuity of e~ #0(»@) in p for any Q.
Furthermore
e Folp) _ g=Eolpte) > o=Eo(pQo) _ o= Fo(p.Qptc)

> C(HQP - Qp+6) (46)

where the ((p) is strictly increasing function such that {(0) =
0. Last step follows from the strict convexity of —e~Fo(».@)

in Q.
Thus as result of equations (45) and (46) we get,

HQP - Qp+e|| < Cil(‘sl(va €))

lime_,0 81(Q,,€) = 0 and ¢~1(-) is also a strictly increasing
function such that (1(0) = 0. Thus @, is continuous in p.

(47)
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