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Chapter 2, Friction Modeling

Fighre 2.3 In the gtjepg :
stickin $ . it
of small sprngs which oo ore¢ the fhetion contact can by'y: .
displacermont b wvhich mive rise to the fricticn foree o b © viowed oy consisting
“omes 00 large the springs sRap and &._MH. s ed. If the
B £ross sliding ean ozoyr,

contacts, Normall . - .
pounds. 7 the surfaces’ are covereq with oxides g
metal. rer

The shearing resistance of these are much lower MWMMWM.H awwu.
. ; or 2

regime, The

friction force iz .
5 partially due to the jubp
. Ticant and its viseosity ;
and partiaily .

: nFmHu to MHmbaﬂQ contacts,
18ally, as the two sy \

s e 3LeS are completely separated b i
catioh gk U.M.ﬁ%.u occurs.. The arigin of the fiiction »,oanwwr y Hs.vﬁomﬁ..n.
e » of course, found in the Lydrodynamies ; f ﬁ%u. g.ugﬂ-

el rhbu Mno»mpﬂuunm axe Involved in all the Em%mﬁmoﬂh m.%c.vﬁoa.ﬁw..
behavior of the frgy -2 48d the shearing of junctions Tos s
s o of oﬂ.m,ownm. is therefore Very compl ot e deairirs
¢ Tich behavior that friction may mg.w . Mot we descrine

cu €3 L.

2.3 Experimental Odma&éwﬂow.ﬁm

- The UG.WD.S..DH. of ficti
ction has bee - . .
century. Man: . 2e8 munnmd.mu..«.m“_ua examin .
ing mﬁwﬁnpmowwmx WMQ MMM MMM nmwwmws,g the nonmwm owpm hHEonmme. m..m th
conditions, ez conet with clean surfyces gineer-
N B t veloes . and for statj
has increased » an) L ity Hﬁ.d&.uw. the interest ; . Oﬁ...u.-q
T e A O
0 me. i OVIEW
many facets of fiction behavior ans complete but serves to lustrate an

Steady Velocity Friction
" The friction force as i
: funetion of velog I
ieadly o orce o function of velocity for consthnt i i
curve mfter m&wmoﬂmmwn Figure 2.2, The relation mm.‘.‘om.wmwmw ﬁwp ow i,
2). In particular the shape of the ..m.ow ».ﬁgmw
ce n the
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2.3 Experimental Observadions

boundary lubrication regime and mixed lubrcation regime is called the
Stribeck effect, No universal function can be given that describes friction .
as ‘a function of velecity, Instead the relation is application.dependent
and varies with material properties, temperature, wear ete.

Many friction phenomena do not appear for constant velodty experi-
ments. A number of ehyervations of the dynamic behavior of fHction are

listed next. ‘

Static Friction and Break-Away Force
The friction when sticking is called static friction and the force necessary
to initiate motion, i.e., to overcome the static friction, is called the break-
away force. Many experimental investigations were performed in the 50s
to study the nature of these two concepts. .
. Rabinowicz addressed the trazsition hetween sticking and sliding in
‘Rabinowicz (1951). He argued that the transition cannot be described
satisfactorily as a funetion of velocity. Instead he investigated fiiction as
.a function of displacement. A simple experiment was devised to determine
the relationship. A block was placed on an inclined plane and a ball was
rolled on the plane and impacted the block. The inclination was such that
sliding motion of the block was sustained, but if the block was at rest, it
stayed at rést.-‘The distance that the block moved due to the energy
transferred by the ball was detetmined and then used to describe the
friction transition in a diagram as in Figure 2.4. The breal-away force
is given by the peak of the cwxve. As seen in the figure the maxmum
friction force occurs at a small displacement from the starting point.
Rebinowicz also investigated the stafic fdction force as a function of
dwell-time, i.e., the time spent sticking, seq Rabinowicz (1958). This.was
done using so calléd stick-slip motion experiments. It was concluded that

Friction

Dﬁgunmam_.;

Figure 2.4 The relation between Ieietion and displacement as fownd by Rabinewiez
(1951). The experimental restlls supgested that friction should be deseribed a5 a

“function of displacement and not velodty:

21
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Chapter 2,  Friction Modeling

velocity variation, Hess and Soom explained tha hysteresis using a pure

time delay in a static relation between velocity and friction foree.

tho dsonics of ety S iione paveshonn that itis necessary to consider
o i * N
Friction behavior, & order to get a detailed understanding of the

2.4 Friction Models

A model of friction is necess .
z ary for many purpeses. In scme s it i
Q.mmﬁmga to wmﬁ.w a model which provides insight into the ﬁ&%&n%mm“nwu“w%

. Hpgaﬂpﬁn& analysis

» offline simulations
- wHowﬁ...puuﬁﬂmmﬁm behavior
- high-fdelity behavior

= physical insight

* friction compensation

It 5 important to bear in mo i
s . the purpose in mind when discussing fiction med-
This section summarizes i : :
s Previous work on friction modelin g
Mu Mnﬁwww, of examples of fiction medels. The intention, Mﬁ% M.Mm mqmm
oo %muaowoﬁmi ﬁwn.m. M.w ..ﬁwomﬂwqw friction miedels but to jive o mﬁu&nmmm_.m Muw
S trum #a8ts. “The models have been divided fnt
MWMMS? mgﬁn. mmodels, dynamic models, and special ﬁﬁwom”phc%mm o
omg._we..w includes models that to 4 virying extent gives 4 pﬂMHMpMWm
. ' Al - ©

mhuH nnwmmoﬂ‘,p.n&ﬁmmmmoﬁouu :
m.va.mHoPH mechanisms behind EMEMW. fhat give az ndessianding of tho

Discussion

ﬁ%““ bmm.“mm mwwém 2 block on a ace. - It lso introduces sume of the
at are used for the friction contact throughout the thesis
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2.4 Friction Models

ﬂ
N 2
; 3

, X
Figure 29 Notation for the variables affecting the friction force at the contact
botweon two sucfaces. The frckion force is denoted F and any external tangential
foree F,, Veloclty snd position are always denoted v and x, respoctively. Motion is
cnly considered in the horizontsl direction,

Motion is considered @.Eu« iny the horizontal direction and fiction oscurs
at the contact intexface. The variables shown in the'figure are: the fiction
force arising at the interface ¥, the relative velocity between the surfaces

‘v, the relative position x, an external applied foree &, and the normal

force I¥. Furthermore, the contact area between the surfaces is denoted 4.
The eazly work on friction modeling tried to determine how these variables
wers related, e.g., Amontons (1699) and Coulomb (1785). It was, for
example, nvestigated if the contact area affected the friction force. As a
result friction became known as force which opposes motion and which
magnitude is given by a coefficient of friction times the normal force. The

relation thus looks like

F = uN (2.1
It is still very comimon to discuss friction in terme of the filetion coefficient
#. Typical variations in the friction force which are handled using ¢ are
variations caused by material properties and comtact geometxies. The
description (2.1) is too simplistic for many purpeses. The dependence
on noxmal Ipad is more complicated than described by (2.1), see SKP
(1970). Another complication is that the normal foree may change. Slow
chalges ¢an be accounted for by scaling or adapting paramsters of the
friction model. Rapid variations may, however, effect the friction force
significantly. This effect is not consideréd in the, Work in this thesis, We
have chosen to model the entire friction force and not just the friction
coefficient. However, if so desired, the models can also be thought of as

modeling f instead of F.
25
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Chapter-2. Friction Modeling

The frictien force for zero velocity is a funetion of the 'external force and

not the velocity. The traditional way of depieting friction in block di- -

agrams with velocity as the input and force as the output is therefore
incorrect. If doing so, stiction must be expressed as a multi-valued funec-
tion that can take on any walue between the two extremes —Fs and Fg,
Specifying stiction in this way leads to nen-uniqueress of the solutions to
the equations of motion for the system, see Bliman and Sorine (1995).

The classical friction components can be combined in different ways,
see Figure 2.10 ¢), and any such combination will be referred to as a
classical model,

The classical models include components that are either linearin veloc-
ity or constant, If accurate measurements of fifction for steady velocity
motion is pexformed these may reveal different dependendies. Stribeck
{1902) cbserved that for low velocities tha friction force is normally de-
creasing continuously with increasing velocities, not in a discontinuous
manner. Tho phenomenon is termed Stribeck effect and the extra low-
velocity friction force above the constant Coulomb level is called Stribeck
friction. A more general desaiption. of friction than the classical models
is, therefore,

Fw) fugo . )
Felg ifv =0 and [F| < Fs (2.6)
A Fs sgn(Fy} otherwise :

where F(v) is an arbitrary function, which may look as in Figure 2.10 &).
It can be-given either as & look-up table or as a parameterized curve that
fits experimental.data. A number of parameterizations of F (v) have been
proposed, see Armstrong-Hélouvry (1991). The most common is of the
form,

F(v) = Fg + (Fg ~Fo)e Wit L o @0
where vg is called the Stribeck velecity. Such models have been vsed for

- along time, Tustin (1947) used the parameterization with dg = 1 aud Bo .

and Paveléseu (1982) suggested &5 in the rapge of 0.5 to 1. Armstrong-
Heélowvry (1991) used 2 Gaussian parameterization with 8g. = 2 and also
propased to use the sum of two expenentials to match cxperimental data
botter. Other parameterizations can of course also be used such as

1

ERTry T (ojva)® + Iyt

.mu?uﬁm.n..m.?d.hl.m,nu
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2.4 Friction Models

and a parametetization used by Canudas de Wit (1993)
F(v) = Fs - Falo|M?

This parameterization has the advantage that it is linear in the param-
eters but it is only valid in a limited velocity range because o.m the »..mH.B
~F|v|?, which should account for the Stribeck effect. Outside this in-
terval the fiction force may have the wrong sign. o
Friction depends om many factors. Mo particular mﬁmﬁmﬂmﬁumﬁoﬁ.
can yet be theoretically motivated. Which ﬁﬁpﬂmwnﬂumﬁoﬁ to &.uon,mm
depends on the specific application and can be determined from simple
eriments. . . . .
Eﬁmﬁo main disadvantage when using a medel duch as ﬁm..mu.. either in
simulations or for contrcl purposes, is the problem of &mnmnﬁbm or detex-
mining when the velocity is zero, A remedy for this is found in the model
deseribed next: —_ .
2 : : : del in Figure 2.11
The Karnepp Model: ~ Kammopp proposed the me i L
for simulation purposes, see Karnopp (1985). The model in the figure is
drawn for the system ] .
- . .
amwuﬁlq ] . (2.8)
; X blems with zerc
The Karnopp model was developed to overcome ﬁ.upo proble:r z
wvelocity detection and te avoid switching between different state equations

,_ﬂo

visi]

H_._..nﬁnm 2,21 Block diagram for the Karnopp model.
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Chapter 2. Friction Modeling

Rupture point for
Stress brittie Bumon.&u
R HAuplure _um:,_n for

~ . ductlic materlals

Strain

Fi sj i -
igure Nru..w Classiea] n"E@.,.:.."NEﬁ relation for brittle and ductile .Bu.ElF_u

friction between lubbcated surfaces,

. 'The second model introduc d 3 - :
“on that the friction force nuumv%m%ﬁrﬁomww& ¥ based on the assump-

¥  dF dx

e

. di 7 dx d

o&w@mﬁwwﬂu Mw..w_w Mwm. m...m..nmou %S.nm is dnly position dependent. - This so

s e %Mb M_wﬁw.um an important propecty of the model for anal
.5 .&Eumé a3 a hysteresis operator, see Bliman ﬂmmmuw.

where it is used to describe frict
; . e irictional damping of a wi i
Wmﬂmmww Wm the wo.bm.EﬁH is due to the wmunm%m of Eﬁwﬁwﬁwﬂwpﬂnﬂw o
ative motion between surfaces. The medel is, however, mnmmk o...w
g r ; 4ppae
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The second model is further studied in Dabl (1975) and Dak] (1976} .

2.4 Friction Models

even to this internal friction. The position dependency of the friction
force is further explored and Dahl proposes the relation

b dx)\ |} F fdx e
Hlllmmnmuomv SEn AHIWmmmﬁA.nﬂvu {2.12)

Fe
where 0y is the stiffness and the exponent { a model parameter. The sec-

.ond facker is present to stabilize the differential equation for simulation

purposes. The model (2.12) is the general Dahl model. Using the frictiin
model and the Lnearized pendulum equations the damping ratio and en-
ergy dissipation of the pendulura aye determined. 1t is concluded that for
large amplitudes of oscillation the model resembles Coulomb friction, bab
as the amplitude decays the hysterssis and dynamics become more and
Taore important for the damping. -

The Dahl model (2.12) leads to a fiction displacement relation that
bears much resemblance with stress-strain relations proposed in classical
solid mechanics, ses Ramberg and Osgood (1943) and Sargin (1971).

In. Dahl {1977) the model is wsed when experimentslly studying fdc-
tion in ball bearings. A force-deflection test is done on = ball bearing and
pavameters of the riodel are fitted- to agree with the experiments. Three
types of fittings are done. In the first, the exponent £ in (2.12) is esti-
mated together with =, = Fe/og while Fe is détermined as the friction
force asymptobe for unidirectional motion, In the ather two fitbings the
esxvponent s fixed to 1 and 2, respectively. For the first type of fitting 7 is
estimated to 1.5 quite consistently. It is obsérved that the rest stiffness
Co is important for the fit. The cases with fixed exponents do not agree
with the measured data over an as large friction forco range.

When reforzed to in the Hierature the Dahl model is often simplified,

using { = 1, to

&q ...A.. m.. .
o AH 1 %m mmnaa\&vv mlw ﬁ.@

The Dkl model has been used for adaptive friction compensation (see

. Walrath (1984) and Ehrich Leonard and Krishnagrasad (1992)) with -
* proved performance as the xesult. ’

When swmmarizing Dabl's papers two sentences from Dakl {1868) are
worth citing, firstly:
“The origin of fiction s in quasi static bonds that are contin-
uously formed and subsequently broken.”
and, secondly: '
33
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Chapter 2. Friction Modeling

The models are now expressed as

d 3
...MM!H#N«+W§

F=0CzZ

(2.18)

where v, =sgu{v). The medels are inear systems when exprassed in the

new space varable. A first-order weodel is given by
A=-vofFe, B=oyFc and C=Fe. (2.17)

BExpressed with time as the independent variable this becomes

aF F
Mlu- =)y Aq - _d_ﬂv

which coincides with the Dahl model, see (2.13). The firstorder model
does not yield a friction peak as in Figure 2.4. This can, however, be
achieved by a second-order made] with

—oo/{n(Fe¢ + AF)} o g 5= MSE (Fo+aF)).
o ~Go/AF B —Go/LF y
and & = Tﬂni% Pi :

-

(2.18)

and with 0 < 7 < AF/(F¢ + 4F), see Bliman and Sorine (1995), The
second-order meodel actually consists of twd frst-srder models paral-
lel.-The fastest znodel has the highest steady-state friction. The friction
force from the slower model is subtracted from the faster model, which
gives the resulting friction force. Both the first- and second-crder models
can be shown to be dissipative. The velocity or rate independence also
makes them attractive; since hysteresis theory can he applied. Bliman
and Soxide also show that, as gy goes to infinity, the models behave as
a classical Coulomti friction model (first-order model) or as a dlassieal
model witk Coulomb fiction and stietion (secend-order model). T shauld
" be noted that the Stribeck effect of the second-order model claimed by
the authorsis not the same as cbserved in Stribeck (1902). The emulated
effect by the second-order model is only present at a certain distance after
motion staxts. This means that it will not dppear when, slowing down, as
" the true Stribeck effect would. The friction peak is instead the equivalent
of stiction, for a dynamic model.
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2.4 Friction Models

The models described so far have all been applicable to the general
contact shown in Figure 2.9. They have also, without exceptions, been
considered for control purposes. Advanced friction models have, of course,
also been derived outside the control area. These medels often have dif-
ferent purposes and aim to explain, for example, phenomena for idealized
contacts, dynamics of lubricants, and even earthquakes. Some of these
modeling efforts are now shortly deseribed in order to highlight the vari-
ous aspects of friction modeling.

Special Purpose Models

The special purpose models we deseribe include a category of models that
describes contact forces using continuum mechanics, Another is based on
the hydrodymamics of lubricated contacts. There are alse special purpose
models for road-tire friction and rock mechanics.

Continwum Mechanics:  The relation between stress and strain for
various materials is treated in classical solid mechanics. If friction is
seen as a one-dimengional shearing process such relations could form the
basis for friction models. This was the case for the Dahl model (2.12).
Another approach. to friction modeling is to desaiibe the fiction intexfice

" using continuum mecherics. This is dene iz Oden and Martins (1985).

The method combines a simple fiction relation, which helds lecally, with
a complicated model of the contach. Iu particular, the model includes
motion in the normal direction of the interface. .

A typical friction interface is shown In Figure 2.14. Empirically the Jo-
cal norzeal stress can be deseribed as a power function of the compression

. of the surface, i.e., .

Gy = ciya”

where a = fo ~ &, The fiction force per axea unit is then given by the

i

.
D%

Figure 2.4 Microgeopical picture of the [riction ititerfnce. The asperities deform
23 contoct is made. The compression is given by ¢ — & For simplidty the lower
surface Is shown a5 belng ngid. .
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Chapter 2. Friction Modeling

are introduced by substituting the velocity in (2.18) with (¢ — Az). Com-
parisons with experimental data show thzt a constant time lag gives good
agreement. )

In Harnoy and Friedland (1998) a model based o the hydrodynamics
of a lubricated journal bearing is introduced, The model covers both the
boundary, mixed and hydredynamic lubrication regimes. It stresses the
dynamics of the. &iction force. The eccentricity £ of the bearing is an
important variable in determining the fidcticd force which, with some
simplification, is given by

Ky
F=Ki(e— 5.2 + <
Hm b.u .||Hlmn

The first term is due to the shearving of asperity contacts and the seeond
term is due to the viscosity of the lubricant. The funetion A is an indicar
tor function that js one for £ > &, and zero ctherwise. This implies that
for small eccentricities there is no friction due to asperity contacts. The
eccentricity is given by a fourth-order differential equation, which deter-
mines the pressure distribution in the lubricant. The medel requires five
parameters. Simulations show a behavior very similar to the okserva-
tions in Hess and Scom (1990}, An'extension including sleeve compliance
is given in Harnoy and Friedland (1894). The model then becomes mora
complicated and requires determination of initial values when switching
between slipping and sticking. The paper shows that a low sleove come
pPliance may be advantageous in precise motion conbrol.

v. C{220)

Rock Mechanics: The desire to predict earthquakes has inspired re-
search that aims to model the friction hetween the arustal plates of Barth,
This Is deseribed in Dieterich (1972). The stability of tectonic sliding has
been analyzed using a special friction model in Ruiga (1983). The model
has also been used in connection with control, see Duipont {1994).

The ‘“Magic Formula Tire Model”s When simulating the behavior
of road vehides it is important to know the coptact force between the
road surface and the tires of the vehicle, see Bakker ot ol {1587) and
Pacejka (1991). This is also of ¢considerablé interest when designing anti-
lock braking systems, compare with Exampie 1.1 in Chapter 1, Since the
wheels rotate, we get a slightly wafumiliar way of deseribing friction, A
simplified picture of a tire on a surface is shown in Figure 2.17. The
rubber of the tire'is elastic and therefore the tread deforms as a force is
transmitted over the contact. The deformation starts as the tread comes
into contact with the ground and ceases as it loses contact. This regults in

40

g

" Frietion Models

7

Figure 2.17 A simplified picture of o road-tire contact, .H,.wn troad deflects when
a force is transferred by the contact botwaan tire and read durface,

- » - - . P . - y.ﬂ..ﬂ

tion in the effective circumference of the tire, which H.p@ﬁﬁ t
Mwwmwuowwu% velocity will not equal v = wr, where @ is the Honpﬁmb& m.»nm.mm
of the wheel and r the wheel radius. Instead we have an effective radius

r.. The slip rate is defined as

ar

; contact force is modeled as a function of the slip. The slip csin bé
Mnmwmﬂmunwgm hence itis pessible to know how much, .nonwpon force that can
be transferred. Therelation depends, of course, o .ﬁre tire mmum, ﬁ.rm type of
road surface. A characteristicshape ofthe ﬂmmmﬁm_uwm shown in m,.HmE.m m..u.m
which is closely related to Figure 2.4. The wpw.m.ﬁoﬁ. can be explained using
Figure 2.17. Small values of the slip Sﬁmmuoﬁmm_ to a small Mwmﬁmnﬁob. or
displacement of the tread. Larger 4&&3. gﬂﬁbwm that there is also mﬂoMm
sliding. This is the same behavior a5 néted in Figure 2.4. Tn Bakloer et al.
{1987) curves.of the form

.m.?.u = D sin{C arctan{Bs — E(B&— arctan(Bs))))

(2.21)

Figure 218 Typical relation botween slip rate and contact force for a tire,
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1 2 3 4 5 6 7
Arbitrary Steady-State Char. | yes [yes [ yes | ~ | ¥e§ | yes | =
Stiction yes | yes [ yes | — | yes | yes | yes
Varying Break-fway Force | — - {yes | =~ - - -
Pre-Sliding Displacement - ~ | yes | yes | yes | yes | yes
Frictional Lag - ~ | yes {e = - - -
| Simulatipn Effciency - |yes| — |¥es " | yes | yo£

Chapter 2. Friction Modeling

Table2.l A summary of bhe friction characteristics for the reviewed models: Clas-
sienl moddls (1), Karnopp model (2], Armstiong’s seven paramater model (3), Dahl
model {4), Bristle model (5), reset integrator model (6}, snd models by Blimas &
Sorine (7).

£rictkion models that have been proposed for cortrol purposes since the end
of the 1960s. A third category descxibes special purpose models from a
wide range of application fields. Many connections between the different
models are pointed out. . .

Table 2.1 gives 4 swmmary of the &m.mﬂmﬂw characteristics of the mod-
els: For the special purpose models most of the characterizations are not

" applicable. These models have therefore been excluded from the table.
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