Second-Order System, Real Poles

K
(1 + STl)(]. + STQ)

G(s) =

Poles:
S=—1/T1, S=—1/T2

Step response in Laplace domain:

1 K

Y(6) = G673 = sarema +s73)

Step response in time domain (transforms 24, 25):

—t/T1 _ —t/T>
K(l—TIe Tl_gze ), T175T2
y(t) = .
K(l—e_t/T—Te_t/T), Ti.=Ts=T
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Second-Order System, Real Poles

@ Unbounded response if Ty < 0 or Ty < 0
@ From now on assume T7,Ts >0

@ Pole locations and step responses for K = 1 and different
valuesof T =Ty = Ty:
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Second-Order System, Real Poles

If the time constants are very different,
Tl > Tz,

the system essentially behaves as a first-order system with
time constant T4
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Second-Order System, Real Poles

Calculation of final value:

sK
lim y(t) = limsY (s) = li =K
Hm y(t) = limsY(s) = im e T

Calculation of initial derivative:

s’K
limy(¢) = lim s - sY(s) = li =
tl—l}(}y(t) 2N f (5) 50 s(1+sTy)(1+ sTy) 0

The step response starts smoothly
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Second-Order System, Complex Poles

G(s) = - Ko , wy>0, 0<{<1
s2 4+ 2{ wos + of
A Im
Poles: /X\iwo p—
) .
s=—Cwoxi\/1—C2wg :/ (p/\\: Re
\ ///

@ @y — (undamped) natural frequency
@ { —relative damping
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Second-Order System, Complex Poles

Step response in Laplace domain:

i/ Kaw?
s s(s2+ 20 wos + w3)

Step response in time domain (transform 28):

y(t) =K <1 — \/%pe_gwot sin <a)m/1 — {2t + arccos C))

2r

Damped frequency: @ = wg+/1 — {2, period: T = -
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Second-Order System, Complex Poles

Pole locations and step responses for K = 1, { = 0.7 and
different values of wy:

Singularity Chart
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Second-Order System, Complex Poles

Pole locations and step responses for K = 1, wy = 1 and
different values of ¢

Singularity Chart
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Second-Order System, Complex Poles

Calculation of final value:

sKw?
1 t —1 Y(s) =1 g =
im y() VIS (s) 520 s(s? + 28 wos + w2)

Calculation of initial derivative:

s’K
1 t) = 1 Y(s) =1l =0
tl_f)%y( )= im s -5 (s) = R s(s2 + 2L wos + 02)

The step response again starts smoothly
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The Nyquist Curve

u(t) = sin(wt) = y(t) = yo(t) + a sin(wt + @)

a = |G(io)], ¢ = arg G(iv)

0.4

Im G(iw)
0.2

Re G(iw)
0

v/ arg G(iw)

-0.2| ’ N
"\ |G(io)]
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The Bode Plot

Two plots:

@ Magnitude: |G (iw)|

@ Phase: arg G(iw)
Magnitude and @ drawn in log scale, phase in linear scale.
If G(s) can be factored G(s) = G1(s)Ga(s)Gs(s), then:

log |G (iw)| = log|G1(i)| +log |Gz (iw)| + log |G (im)|
arg G(iw) = arg G (iw) + arg G (iw) + arg Gs(iw)
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Bode Plot: K

log|G(iw)| =log K
argG(iw) =0
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Bode Plot; s"

log|G(iw)| =log |iw|" = nlogw

arg G(iw) = narg(iow) = ng

=
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Bode Plot: (1 +sT')"

log |G(iw)| = nlog V1 + w2T?
arg G(iw) = narg(l + iowT) = narctan(wT)
For small values of @ the functions are given by
log|G(iw)| — 0
arg G(iw) — 0
For large values of w the functions are given by

log|G(iw)| — nlogwT

arg G(iw) — nZ

2
logwT =0
This frequency is called the corner frequency and is given by

w=1/T.
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Bode Plot: (1 +sT')"
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Bode Plot: (1 + 2¢s/wo + (s/w0)2)"

The low-frequency asymptote of this transfer function is given
by G(iw) ~ 1, i.e.

log|G(iw)| — 0
arg G(iw) — 0

For large @ the high-frequency asymptote is given by
G(iw) ~ (iw/w)?" = (—1)*(w/wy)?", i.e.

log |G(iw)| — 2nlog L
()

arg G(iw) — nw
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Bode Plot: (1 + 2{s/wq + (s/@w¢)?)"
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—sL

Bode Plot: e

log |G (iw)| = log|e L =0

arg G(iw) = arge '°L = —oL

=
e

Magnitude
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Different representations: 1/(s+ 1)

Singularity chart . Step response
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Different representations:

Singularity chart

1/(s + 1)2

Step response
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Different representations: 1/s

Singularity chart ] Step response
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Different representations:

Singularity chart

1 »®

Nyquist plot
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Different representations: e*/(0.1s + 1)

Step response
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Different representations:

(1—3)/((s +0.8)(s + 1.2))

Singularity chart

0.5
0 ©
-0.5

-15 -1 -0.5 0 0.5 1

Nyquist plot
0.5
0
-0.5
-1
-0.5 0 0.5 1

Step response

0.8
0.6
0.4
0.2

-0.2

-0.4
4 6 8 10

Bode plot

o
N

10

107

-100
—-200

-300

Automatic Control, Basic Course

stems. Frequency Response.

Lecture 3 — Second-Order Sy



