L4: Hybrid systems and dynamic programming

Hybrid Systems

o Piecewise Linear Systems

o Piecewise Quadratic Lyapunov Functions
o Value lteration

o Policy lteration

o Jump Linear Systems

Literature:

Piecewise Quadratic: Johansson/Rantzer, IEEE TAC, 43:4 (1998)
Networked Control Example: Nilsson/B/W, Automatica 34:1 (1998)
Value and policy iteration:
web.mit.edu/dimitrib/www/Det_0Opt_Control_Lewis_Vol.pdf

Optimal transportation in a graph
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I3 l2o
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Minimize  I31p31 + I32p32 + L2121 + 10010 + L2020
subject to P31,---5P20 >0
P31+ ps2>1
—p31— P21+ p10>1
—p3g + P21+ p20 =1

Dual gives lower bounds

V3 VO

Vo

Maximize Vi + Vy+ V3

SUbjeCt to V3—-Vi<lIy Vo=0
V3 — Ve <lso
Vo — Vo <lgo

Continuous Optimal Control

Minimize [} 1(x,u)dt

x(t) = f(x(2),u(?))

subject to
{x(to) = X0, x(tl) = X1

where x(t) € @, u(t) € Q.

Lower Bounds on the Optimal Cost

Bellman’s inequality:

Maximize V(xo) — V(x1)

subjectto 0 < %—Zf(x,u) +1(x,u) VxEQ, ueQ

The constraint gives a lower bound on the achievable cost:

131 8V t1
Vi(xg) = V(x1) =— ) af(x,u)dt < ) I(x,u)dt
0 0

General Hybrid Systems

A system involving both discrete and continuous dynamics

{ x(t):fq(t)(x(t)ru(t)) q€ Q:{172""7N}
q(t) = v(q(t™), u(¢7))

An optimization criterion takes the form

tr M
Teo,a0) = [ alww)d+ Y s(a).a(6).ale))
to k=1

Example — A car with two gears

X1 = X9
%2 = gq(x2)u, ¢=1,2 [u|<1

Bring the car to xy = (0,0), g = 1, while minimizing
J(x0,90) = fu/ 1dt + 3L, 1

Bellmans Inequality for Hybrid Systems

V4 (x0) is a lower bound on the optimal cost for bringing the
system from (xo,qo) to (x7,qy) if Vg, (xf) = 0 and

0< %x(x)fq(x,u) +lg(x,u)
0 < Vy(x) — Vi(x) + s(x,7,q)

Vg (x)




Optimal costs for the two initial gears When should one switch gears?

Study the difference between V; and Vs:
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No common quadratic Lyapunov function exists.
Piecewise quadratic Lyapunov Function for Aircraft Phase Plot for Aircraft
2*Px ifx; <0 A piecewise quadratic Lyapunov function exists!
Vix) = { x*Px+1nx2 ifx; >0
The matrix inequalities o+
AjP+PA; < O j )
P >0
Ai(P+nE‘E)+ (P+nE'E)Ay < 0 j
P+nE'E > 0 St e

with E = [1 0], have the solution P = diag{1,3}, 7 =17.




General Piecewise Affine Systems

Space partition U;c 1 X; where I = Iy UI; and 0 ¢ X; fori € I4.
With a; = ¢; = 0 fori € I, let

Piecewise Quadratic Functions

Let F; = [F; f;] with f; =0fori € Iy and

*=ai+ A + Bu for x € X; () E[’{]ij, xeXiNX, ijel
y=c¢; +Cx+ Dju

o A a | B Then, for every matrix T, the function

Ai Bi _ X

5-=|0 00 2= ] R
G | D C o | D V(x)= {1] F!TF, {1] forx € X;
Then is piecewise quadratic and continuous.
E)_[ABi 1=
y - C | D; u
S-procedure Stability Theorem

Let E; = [E; e;] withe; =0fori € Iy and

0
Ex+e > |: x e X;
0

If there exist matrices W; with non-negative entries such that

el < Pi + E{WLEL viel

Consider symmetric matrices T', U; and W;, such that U; and
Wi ha\_/e no_n-negative entries, while P; = FiTTFi and
P; = FI'TF, satisfy

{0 > AP, + PA; + E|U,E; ,
xS IO

0< P — EL/WLEL
0> A;PL + PiAi + E_'L,U,E_'l el
0< pi — E_L/WLE_'L !

then
. Then x(¢) tends to zero exponentially for every continuous
e|x[? < m B, m forx € X; piecewise C! trajectory in U;c 1 X; satisfying (1) with z = 0.
Flower Example Observability
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{x(t) = A;x(?) for x(t) € X

¥(#) = Cypx(2)

Estimate [;° |y|2d¢ given x(0)

Bounds on Transient Energy

Suppose x(0) € X;, and x(co) = 0. If U; has non-negative
entries, while P; = F/TF; and P; = F!TF; satisfy

0> PA; + A;Pi + Ci/Ci + E{UiEi i€l
0> PiAi +Alipi + C‘L,C'l + E_';U,E_l ielh

then

/0 e < inf |:x(10):|,Pi0 {x(lo)]

The opposite inequalities give a lower bound.

Flower Example Revisited

T

Lower bouhd Upper bound

Number of Cells

4 0.60 2.50
8 1.33 2.18
16 1.65 1.98
32 1.78 1.88




L4: Hybrid Systems and piecewise linear systems

o Hybrid Systems

o Piecewise Linear Systems

o Piecewise Quadratic Lyapunov Functions
o Value lteration

o Policy lteration

o Jump Linear Systems

Optimal Control

Idea:
Formulate a control synthesis problem in terms of optimization

+
+

+

Gives systematic design procedure

Can be used on nonlinear models

Can capture limitations as constraints
Hard to find suitable criterium?!

Can be hard to find the optimal controller

Dynamic Programming, Richard E. Bellman 1957

T, Tite ——— T
oo o

An optimal trajectory on the time
interval [T7,T] must be optimal
also on each of the subintervals
[Tl,Tl + E] and [T1 +e€, T]

Example: Dijkstra’s Algorithm

For each node, find the shortest path to the goal!




Dynamic Programming in Discrete Time

N-1

> 9x(#),u(®)

=0
subjectto x(t + 1) = f(x(¢),u(t))
x(0) = xo

Minimize

t=0,1,2,...,N—-1

Let Jn(xo) denote the minimal value. The value function Jy
satisfies the Bellman equation

Jn(x) = min [g(x, u) + Iy (F(x,u))]

Infinite horizon Bellman equation

Minimize > a(x(1),u(?)
t=0

subject to x(t+1) = f(x(2),u(?)) x(0) = xo
Let J*(x0) denote the minimal value. The value function J*

satisfies the Bellman equation

J*(x) = min[g(x,u) + J*(f(x,u))]

Value iteration

Recall that
I (x) = min [g(x, %) + Iy _1(£(x,u))]
Starting from Jy(x) = 0 the iteration gives Jx (x) with

0<dJi(x) < dJa(x) <--- < J*(x)
Alrim JIn(x) = J*(x), N —> o0

Useful for finite X. Often extremely complex when X = R".

Theorem: Value Iteration Convergence

Suppose the condition 0 < J*(f(x,u)) < yg(x,u) holds
uniformly for some y < oco.

Then Jy — J* according to the inequalities

[1 - ﬁ} T (x) < T (x) < (%)

Proof idea

Use the assumption J*(f(x,u)) < yg(x,u) to get

J1(x) muin g(x,u)

(1+7) " min[yg(x,u) + g(x,u)]
> (1+7)  min " (f(x,0)) + g(x,0)]
= (1+9) )

recursively gives the inequalities for Jg, J3, ...

Dynamic Programming in Continuous Time

Minimize

/0 " g(ae),u(t)de

() = f(x(®),u@®) ¢20
x(0) = xo

subject to

Let J*(x) denote the minimal value. The value function J*
satisfies the Bellman equation

5

0 = min {g(x,u) + %f(x,u)]

L4: Hybrid Systems and piecewise linear systems

o Hybrid Systems

o Piecewise Linear Systems

o Piecewise Quadratic Lyapunov Functions
o Value lteration

o Policy Iteration

o Jump Linear Systems

Policy lteration

For a control policy u : x — u, define

Tulxo) = S glx(),u(0)
where x(t + 1) = £(x(t) (x(1)

Assuming that g > 0, this gives
Tu(e) = 9l 1()) + Tul F ()

Starting with any policy u° : x — u, the policy iteration
algorithm is defined by

x(0)=x0€ X

uk = argmin {g(x,u) + J#k(f(x,u)}




Policy Iteration Convergence

The policy iteration algorithm
w1 = argmin { g(x,u) + S (f(x,u) |
gives
Jyr(x) 2 g, 1 (%)) + e (£ (e, 15 (2)))
Hence J,» > J 1. Repeated use of this argument gives

Jpo(x) > Jn(x) > Jp(x) > ... > J7(x)

Under general conditions [Puterman/Brumelle 1979] proved
that the convergence of policy is superlinear, i.e.

. Iy (x) — " (x)
lim sup

M @) =T )
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e Jump Linear Systems

Jump Linear Systems

&

Let 6(0),6(1),0(2),... € {1,..., N} be a Markov process.
Given matrices Ay, By, Cy for every 6 € {1,...,N}, the
(stochastic) linear system

(¢ + 1) = Ag(yx(t) + Bopyu(t)
¥(t) = Copx(t)

is called a jump linear system.

Jump Linear Systems

A jump linear system called mean square stable if
lim;_,o0 E|x|2 = 0 when u = 0.

Let g;; be the transition probability from 6 = j to 6 = i. Then
mean square stability is equivalent to existence of (covariance
matrices) X1,..., Xy > 0 such that

X; > Z qijAijAJT.
ij

Equivalently there exist (cost) matrices Py, ..., Py > 0 such that

P; >~ Z qijAijAj.

ij

Optimal Control of Jump Linear Systems

Consider a jump linear system with transition probabilitis g;;:
x(t + 1) = Ag(yx(t) + Bogyu(t)
¥(t) = Co(pyx(2)

Problem:
Find a control law u = —Lgx to minimize E(|x|? + |u|?).

Solution:
the optimal control law is obtained from Bellman’s equation:

x" Pgx = min {|x|2 +[ul’+ > qio(Aix + Biu)"Pi(Ax + Biu)}
i

w = angmn [+l + Y ai(Aix + Ba)" Pi(Ave + Bu)|
i

—Lgx

Example: Networked Control
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Networked Control as a Jump Linear System

Mean delay controller,
4
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/ Scheme by Luck-Ray
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