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Introduction

Continuous time mixed Hp/Hy, control problem:

» Zhou, Kemin, et al. "Mixed H, and H,, performance
objectives. |. Robust performance analysis.” Automatic
Control, IEEE Transactions on 39.8 (1994): 1564-1574.

» Doyle, John, et al. "Mixed H, and H,, performance
objectives. Il. Optimal control.” Automatic Control, IEEE
Transactions on 39.8 (1994): 1575-1587.

> .
Discrete time mixed H,/Hx control problem:

» Muradore, Riccardo, and Giorgio Picci. "Mixed Ha/Hoo
control: the discrete-time case.” Systems & control letters
54.1 (2005): 1-13.



Some notations

» w is deterministic disturbance, wy is stochastic disturbance
A
» 0D ={z:|z|=1}

» For stochastic processes x and y, x L y means
E(x —x)(y —y)T =0, where x = Ex, y = Ey.



Mixed H,/H,, control problem

Let G(z) be a discrete-time system with realization

ox = Ax + Bowg + Biw + Bou
zZy = C()X + Doowg + Doiw + Do u
z = Cix + Digwg + D1iw + Diou
y = Gx + Dywy + Dorw
which satisfies the following assumptions:

Al. (A, By) is stabilizable and ((;, A) is detectable,
A2. Dg> has full column rank and D,g has full row rank,

A3. [A — 82] has full column rank Vz € 0D,
Co Do

A4. [A — 2l BO] has full row rank Vz € 9D,
G Doy

A5. w € P is a bounded power signal and wy ~ GW(0,/) is a
normalized Gaussian white noise. Moreover, wy(k) L w(j), Yk > j,
A6. the initial condition x(0) ~ G(xp, Rp) is independent of wy,
vk > 0.



Mixed H,/H,, control

The mixed Ha/Ho problem: find u* and w* such that
Jo(w*, u*) > Jo(w, u*), h(w*,u*) < h(w*, u)
is solvable, if and only if, the coupled algebraic Riccati equations
(A+ BoF)T Xoo (/ - 7—25151Tx00)_1 (A+ ByF2)
~ Xoo + (C1+ D12F2) T (G + D1oF2) = 0
(Ac + (B1 — B2Rgy' Doz Dot) Hax) " X (Ac

+ (B1 — B2Ryy' D02 Do1) Hoo) — Xo
+(Co+ DarHo) " Ro2 (Go + Da1Hoo) =0

(AF n (81 — 3102()/?2—01021) Hoo> Yy (/

Tp-1 -t T R1
+ G Ry & Y2) (AF + (Bl — B1Dyy Ry D21) HOO)
— Ys+ BoRyoBy =0

T



Mixed H,/H,, control

In the three Ricaati equations,

-1
Fp=— <D0T2 D> + BY X 52)
<B2TX2 (A+ BiHoo) + D& (Co + D01Hoo))
Ly =— ((A 4 BiHso) Ya (Co + Doy Hoo)T + BODJJ)

(020025 4 (G + DarHso) Ya (Co + Dleoo)T)_1
Ac =A — BaRy,'Dgr Go
Afp =A — ByDgy Ry Co
Roa =Dg»Do2
Ro» =1 — DoaRyy' Don T
Roo =D20 D3,
Rag =1 — DJyRogt Dao



Mixed H,/H,, control

The three Ricaati equations have stabilizaing solutions X, > 0,
Xzannd YQZO.
The optimal controller u* = K(z)y has a realization given by

oxk = (A+ BiHoo + BaFy +2 Co + LoDo1 Hyo) xk — Loy
U* = F2XK

Moreover the optimal value of the performance functional
Jy(w*, u*, wp) is

J=tr (BOT X2 Bo + DOZDOO) ttr ((B2TX2B2 v DOT2002) F Y2F2T)



A numerical example

A discrete-time system

ox = Ax + Bowp + Biw + Bou = 1.05x + wyg + w — 0.55u
20 = Cox + Doowg + Doiw + Dgou = 0.94x + 1.36u

z = Cix + Digwg + Diiw + Dipou = —0.54x + 0.57u

y = Gx + Dyowy + Dyyw = —0.59x + 0.52wg + w

Use MATLAB to solve nonlinear equations. The optimal mixed
H>/Hs controller is

oxk = (A+ BiHs + BoFy +2 Co + LyDo1 Hoo) x — Loy
= 0.9376xK + 0.1406y
u*t = F2XK = 0.3457XK

The optimal H» cost is J; = 3.42.



Future work

» Compare the mixed H,/Ho performance with pure H, and
H, controllers

» LMI, Nash game (MIMO)

» Minimize H,, cost with constraint of H, cost.



