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Today’s lecture

Fenchel weak and strong duality

necessary and sufficient optimality conditions
Lagrange weak and strong duality

KKT conditions



Why duality?

e sometimes it is easier to solve dual than primal problem

o useful if primal solution can be obtained from dual



Fenchel duality

e consider composite optimization problem

minimize  f(z) + g(y)
subjectto Lz =1y

with f, g proper, closed, and convex, L linear operator
o will call this primal problem

e equivalent formulation with indicator functions:
minimize  f(z) + g(y) + «(Lx = y)
where the indicator function is defined as

0 ifLzx=y
oo else



Reformulation

consider

h(z,y) = Sup {(p, Lz —y)}

what is the value of h if Lv = y? 0
what is the value of h is Lz # y? oo
what is h? h(z,y) = «(Lz = y) and problem can be written:

in {f(x) +glu) +sup{ s L~ y>}}

pi= ggyf Sup {f(@) +9) + (u, Lx —y)}

where p* is the primal optimal value



Weak duality

let

L(z,y,p) = f(x) +g(y) + (u, Lz —y)

then

= infsup {f(z) + g(y) + (i, Lz — y)} = infsup L(z,y, )
Yo

Y
what happens if we swap inf-sup (replace ? by < or >)?

p* = infsup L(z,y,n) ? supinf L(z,y, u) =: d*
Y n Y

it should be p* > d*, i.e

inf sup L(x,y, p) > sup 1nf£(33 Y, )
Ty 4 (



Weak duality

e we claim d* < p~*, i.e

supinf L(x,y, ) < infsup L(z,y, 1)
n Y Y

e proof when sup,, attained: let ¢)(u) := inf, , L(x,y, i) then
V() < L(z,y, 1) for all 2, y, u
e let p* maximize ¢ (u), then
sup V() = P(p*) < Lz,y, w*) < sup L(x,y,p) forallz,y
sup imnfﬁ(sc,y, ) < sup L(x,y, 1) for all z,y

<
— supmfﬁ(m Yy, 1) < 1nfsup£(a: Y, )
p Y



Weak duality comments

weak duality

supinf L(x,y, n) < infsup L(z,y, 1)
w Y Y g

it holds also when maximum in i not attained

it is better to choose last!

no convexity is assumed in proof = holds also in nonconvex case
holds for general functions and is called min-max inequality

in our setting this is called weak duality
(left hand side problem is called dual problem)



Fenchel dual problem

e the problem with inf-sup swapped is the Fenchel dual problem:

sup anfﬂ(x, Y, i) = sup 11n£ {f(x)+9g(y) + (u, Lz —y)}
. u

= sup 7(81}15 {~f(2) = g(y) + (u, ~La +y)})
= sup { — (swp e~ L") — 1)}
sup {{y, ) - g)})}
= sup {=r(-L"p) —g" (W)} =d
e i.e., primal and dual problems are

p* = infsup L(z,y, 1) d* = supinf L(x,y, 1)
Y wo Y



Strong duality
e when does p* = d* hold, i.e., when does strong duality hold?
e it holds if f, g proper closed convex and
ri dom gNri L(dom f) # 0
e proof: apply “Key result 2"
p* = inf {f(x) + g(La)}
= —sup{{0.2) — f(z) ~ g(La)}

=—(f+goL)*0)
= —min {f*(=L") + " ()}

= max {—f*(=L"p) —g"(w)} = d*

e note by “Key result 2" that dual optimal point attained
e cannot say anything about if primal optimal point attained
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Strong duality example

e consider the problem
minimize  f(x) + g(x)

with f(z) =1/z, dom f ={z | + > 0} and g(z) =0
P

e primal optimal p* = 0 but primal optimal point not attained
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Strong duality example, cont’d

e dual problem: max, {—f*(—u) — g*(1)} where
Jo(=p) =sup{—pz — 1w + (@ > 0)} = =2/l + 1(n 2 0)

g (p) = sgp{w, z) — 0} =u(p=0)

(domain encoded with indicator functions)
e dual optimal point: © =0, and value: d* =0
e in this example:

e strong duality d* = p* (assumptions are met)
e dual optimal point attained
e primal optimal point not attained
(should pose problem such that primal optimum attained!)
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Optimality conditions for composite problems

e objective: state conditions that guarantee that x,y solves:
minimize  f(z) + g(y) + «(Lx = y)

with f, g proper closed and convex and L a linear operator

e we use (again) the following constraint qualification:
ri domgNri L(domf)#0 <= ridom(goL)Nridom f#0

e (note: we assume that the primal optimum attained)
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Equivalent formulation

e composite problem:
minimize  f(z) + g(y) + «(Lx = y)
o let

z=(z,y), F(z) = f(z) + g9(y)
Kz = Lx —y, V={z| Kz=0}

o the we get the equivalent formulation:

minimize  F(z) 4+ ty(2)
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Translate assumptions

e our assumption:
ri domgNri L(domf)#0 <=  ridom fNridom(goL)#
b Z:((ﬁ,y), F( ) (LC) g(y)yKZ:LCU—y, LV(Z):LKz:()

e we have

ri dom fNridom (go L) #0
Jz|(z,x) € ri dom f x ri dom (go L)
3z|(z, Lz) € ri dom f x ri dom ¢
Jz|(z, Lz) € ri dom F

Jz e V|z €ridom F

3z|z € dom ¢y Nri dom F

dom ¢y Nri dom F £ ()

ri dom ty Nri dom F #(

te OO

3

where last step holds since ri dom ¢y, = dom ¢y since V affine
e = can apply subdifferential sum rule to (F + ty)!
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Fermat’'s rule

e Fermat's rule (necessary and sufficient for optimal point):
0€0(F(z)+tv(2))
e we know that

A(F(2) + 1y(2)) = OF(2) + duy (2) = OF (2) + Ny (2)
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Subdifferentials

e the normal cone to linear subspace:

ImK* ifKz=0
Nv(z) = {(Z) else

i.e. Ny(z) = K*u for some
e the adjoint K*u = (L*u, —p) since

(Kz,p) = (Lx —y, ) = (x, L") — (y, ) = ((z,y), (L"p, —p))
= (2, (L p, —p))

e subdifferential to F'(z) = f(z) + g(y) is

OF(z) = (0f(x),99(y))
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Optimality conditions

e the optimality condition 0 € 0F(x) + Ny (2) becomes:
0€dF(2)+ K*u and Kz=0(Lx
or equivalently

0€df(x)+ L*u

0€9dg(y) —p
0=Lzx—y

e necessary and sufficient under assumptions!
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Alternative optimality conditions

e optimality conditions from previous slide (rearranged):
—L*p € 0f(x)

€ 9g(y)
0=Lx—y

e equivalent optimality conditions using conjugate functions:

z€df* (=L p)
y € 99" (n)
0=Lzx—y

e this gives
0=Lr—ye—(=L)of"(—L"pu) — 9g"(n)
which is Fermat's rule for the dual problem
max{—f*(=L"u) = g"(n)}

(under some constraint qualification)
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More alternative optimality conditions

optimality conditions from previous slide:

—L*p e 0f(z)
1€ 9g(y)
0=Lx—y
other equivalent reformulations using Lz = y:
z€df*(—L"p) z€df* (=L p)
p € 0g(Lx) Lz € 9g™(n)
and
—L*p € 0f(x) —L*p e 0f(x)
Lz € 0g™ (1) p € 0g(Lx)

recall Lagrangian L(z,y, 1) = f(x) + g(y) + (i, Lx — y), another
equivalent condition:

0 € 0L(x,y, 1)



Saddle-point condition

e recall L(z,y, 1) = f(z) + g(y) + (1, Lz — y)
e computing:

0 € 0L(x,y,p) (1)
gives

0€df(z)+ L*u
0€dgy) —p
0=Lx—y

e (1) is also necessary and sufficient condition (under assumptions)
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Solving the primal from the dual

we are primarily interested in the primal problem (often x)
is it possible to solve primal from dual?

sometimes! if we can find = such that any of the following holds:

z € 0f"(~=L"p) z€df*(—L"p)
p € 9g(Lx) Lz € 0g™ (1)
and
—L'pe df(x) —L*p € 0f(x)
Lz € 0g™ (1) n € 9g(Lx)
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Example

e consider optimality condition

z € 0f (—L"p)
Lz € 9g™(p)

e example: f is strongly convex = f* differentiable =
vef (~L'n) = x=VF(-L'p)
only z that satisfies condition = must be optimal if exists, i.e., if
Lz € 9g™(n)

e (most algorithms that solve dual also output primal solution)
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Fenchel duality summary

have used “Key result 2" to (explicitly or implicitly) show strong
duality and necessary and sufficient optimality conditions for
composite optimization problems under stated assumptions
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Lagrange duality

e some might be familiar with Lagrange duality and KKT-conditions
e can derive this from Fenchel duality

e Fenchel duality can also be derived from Lagrange duality
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Lagrange duality

eletf : R"—>R,g: R*"— R*, be convex and L be linear
o consider the following convex problem on standard form:

minimize  f(x)
subject to  g(z) <0
Lz =10

e equivalent formulation with indicator functions

minimize  f(x) + t(g(x) <0) 4+ ¢«(Lx =)
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Reformulate indicator functions

e the indicator function ¢(g(z) < 0) can be modeled as

0 ifg(x)<0
oo else

ilipo{<uvg(w)>} = { } = 1(g(x) <0)

e the indicator function ¢«(Lxz = b) can be modeled as

oo else

sgp{(A,Lx—@}: {O ifo:b} =Lz =10)
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Equivalent formulation of primal problem

e using reformulation of indicator function, we get:

inf{f(z) + ngow, g9(@)) + sgp% Lz —b)}

or

inf ,ilo%{f(x) + (1 9(2)) + (A, Le = b)}

e by the min-max inequality, we have

Sup it {F() + e g(a) + (O, L 1)
<inf sup {f(@) + (n.g(x) + (A Lr = )

e when do we have equality, i.e., strong duality?
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Strong duality

e if Slater's condition holds, i.e., if there exists T such that
g(z)<0 and Lz =0b
e then strong duality holds, i.e.,:
sup inf {f(x) + (1, 9(x)) + (A, Lz — b)}

A,pn=>0
=inf sup {f(z) + (u,g9(z)) + (A, Lz — b)}
T X\u>0

e can be shown by considering equivalent problem

minimize  f(z) + t(g(z) <y)+u(y <0)+ o(Lz = b)

hi(z,y) ha(z,y)

and apply Fenchel strong duality
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Lagrange optimality conditions

e the optimality conditions for standard form:

minimize  f(x)
subject to  g(z) <0
Lx=b

are called KKT-conditions (Karush-Kuhn-Tucker)
e they are given by

0€df(x +Zﬂag )+ L*\

0=Lx—b

0<pu

0> g(z)

0= pigi(z) foralli=1,...,k

(usually stated for differentiable £, g)
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Prove KKT conditions

e we will assume, again, Slater’s constraint qualification, i.e., 3Z:
g9(Z) <0 Lz =1
e to show KKT-conditions, we formulate problem as:

minimize  f(x) + t(g9(x) <0)+¢(Lx =)
———
hl(z) hQ(CE)

and use subdifferential sum rule (and show that it may be used)
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Fenchel or Lagrange duality?

e both approaches have their advantages

o Fenchel duality is more suitable for algorithms we will discuss
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